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ABSTRACT (;291/6(

The nonsteady flow conditions inside the subsonic section of
a Laval nozzle have been considered in detail. The results of this analysis

are used to derive a general Nonlinear Transverse Admittance Relation.

Crocco's time-lag hypothesis has been employed in the derivation
of a concentrated combustion zone boundary condition. The latter together
with the Nozzle Admittance Relations have been used in the investigation of the
nonsteady irrotational flow conditions inside combustion chambers of liquid-
propellant rocket engines. In this study the existence of three-dimensional
continuous waves which are periodic in time and have amplitudes of finite

size has been proven.

These solutions were expressed as power series in terms of an
amplitude parameter € . The first term of this series (i.e., first-order
solutién) was used to study the manner in which increasing the Mach number
of the mean flow affected the linear stability limits. The results of this
analysis showed that such an increase resulted in shifting of the unstable
region, which is associated with the pure transverse acoustic mode, to
higher values of the time-lag. In addition new unstable regions, which
are associated with the mixed acoustic modes, appeared. Increasing the
Mach number of the mean flow also resulted in a very small increase of the

minimum value of the interaction index.

_ The first and second-order solutions were used to calculate the
nonlinear pressure wave form. These theoretical predictions are shown to

be in excellent qualitative agreement with available experimental results.

The stability of finite amplitude waves was analyzed and the
possibility of "triggering'" combustion instability in the case of three-
dimensional oscillations has been proven theoretically. This possibility

has been verified experimentally.
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NOMENCIATURE

Symbols which appear in more than one chapter are presented
in the general list. All other symbols are presented under the list-
ing of the chapter in which they appear. Because of the large number
of variables which appear in this report, some symbols have been used
to designate more than one quantity. These quantities are unrelated

and it is hoped that this procedure will cause no confusion.

General

t - time

2 - axial space dimension

r - radial space dimension

e - tangential space dimension

¢ - potential function for steady state velocity
v = % ﬁﬂamrz, stream function of the steady flow
W - frequency of oscillation

Wt

<
Il

L - length

q - velocity vector

u - axial component of velocity

v - radial component of velocity

w - tangential component of velocity
P - pressure

f - density

s - entropy
T - temperature and period of oscillation
A - amplification factor

/3]
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\/:_1‘ , 1imaginary unit.

specific heat at constant pressure.

specific heat at constant volume.

cp/cv |

speed of sound.

linear ordinary differential operator.

linear partial differential operator.

operator used to express injector-end boundary condition.

wl

see Equation (II-51)

U(¢) , V(Q), W(e) , R(@) and P(@) - coefficients which
respectively describe the axial dependence of F ,¥ , 7 , ]; )
& and T

N4
J S -
w Sav,a) V¥
cos n@ or sin ne® for the case of standing modes and e:ine

in the case of travelling mode.
® P (p) ™

small expansion parameter and amplitude of the first order solution.
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A
(nv,q)

K71

(av,q') > “(av,q') ’ (ov,q")

viii

- unit vector

4,9 NGPL) c(i:9

(1,0) 00

? B(nv,q) ? C(nv,q) > (aw,q') * T(uv,q') ° T(av,q') °’

- constants which are defined in Appendix C.

o - axial component of the entropy evaluated at the origin.

S - rootbof iL-J (x) = 0.

(w,q) dx “n

W, gand ¢ - see Equation (III-36)

o) - order of ()

N>1, A,T- Hebrew letters used to represent the inhomogeneous parts
of the higher order equations in the case of irrotational
flow.

1 d

Val e

THET =

SNH =

see Equation (II-185b)

interaction index

time-lag

represents the inhomogeneous part of the
represents the inhomogeneous part of the
represents the inhomogeneous part of the
represents the inhomogeneous part of the
represents the inhomogeneous part of the
represents the inhomogeneous part of the

used to represent the inhomogeneous part
equation for Q .

axial-momentum equation.
radial-momentum equation.
transverse-momentum equation,
entropy equation.

continuity equation.
Equation of State.

of the differential

represents either a constant of integration or constants which
appear in the inhomogeneous part of various differential equations.

difference operator.

gradient.

S(v,h)



Subscripts
(km,nVv,q)

Superscripts

0,1,2,3

ix .

denotes a particular eigenfunction; km is the coefficient
of vy, nv is the coefficient of € and ¢ identifies

the root of the Bessel function which is being considered.

jidentifies the imaginary part of a solution.

identifies the real part of a given quantity.

entropy or nozzle entrance

vorticity

nonlinear

indicate a given direction or differentiation with respect
to the particular variable.

represents either e , v or n
wall

standing

travelling

homogeneous

combustion chamber

burning

injection

particular solution

vectorial quantity

indicate order of the particular expression.
indicates order of the particular expression.
denotes a dimensional quantity.

with the exception of N, and '3 this symbol denotes quan-
tities that describe conditions inside the combustion chamber.

complex conjugate of a quantity.

denotes a quantity which describes steady-state conditions.

total differentiation with respect to independent variable.
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Special Nomenclature for Chapter IV

a

T, V, hand g

A and B

T, %, 4, B, Q
4

- see Equation (III-7).
(1)

3

1)
2

[}

- see Equation (IV-11).

- see Equation (IV-9a).

see Equations (IV-25) through (IV-294).
- see Equation (IV-35).

see Equations (IV-40a) and (IV-40Db).

- a particular solution, part of the general solution for é
- vector defined in Equation (IV-60).

- see Equation (IV-8a) on page 171.

= fr(n,aa,Y...).

-~ defined in Equation (IV-68).

, and El - defined in Equation (IV-76).

potential function for the steady-state velocity.

Special Nomenclature for Chapter V

T
S

m» B

Subscripts for

- period of oscillation.

- area.

v . . . .
= ; , Nondimensional Admittance Relation.
- unit normal vector,

- proportionality constant.

Chapter V

N

I.E.

- nozzle.

- 1injector-end.



Special Nomenclature for Chapter Il

m>

X

B

see Equation (II-44g).

arbitrary function.

see
see
see
see
see
see
sek
see
see

62

Equation
Equation
Equation
Equation
Equation
Equation
Equation
Equation

Equation

fo 32h r;

(11-57).
(11-77).
(11-79).
(I1-81).
(I1-60).
(II-119).
(E-5) of Appendix E.
(I1-181).

(I1-183).

see Equation (II-198).

Subscripts for Chapter II

reference quantity.

Special Nomenclature for Chapter IITI

rate of gas generation per unit time per unit area.

hypothetical quantity representing the amount of necessary
conditioning prior to chemical reaction.

rate of accumulation of E .

represents rate of gas generation per unit time volume and the
inhomogeneous parts of injector face boundary condition.

operator defined in Equation (III-48).

characteristic length.




CHAPTER 1.

INTRODUCTION

Nature of the Problem

The operation of liquid propellant rocket engines is never
perfectly smooth. Experimental measurements of any of the physical
factors, which describe the conditions inside the combustion chambers
of these engines (i.e., pressure, temperature, etc.), indicate that
the latter oscillate with time. These oscillations may be described
as being of a nondestructive or a destructive nature. In the first case
the oscillations are caused by some fluid mechanical effects (e.g., shear
flow) and the.correlation between the fluctuations at two different loca-
tions, or two different instants, disappears as soon as the time or
space interval which separates them is no longer small. Because of the
random nature of these oscillations, the net contribution of their
integrated effect over time or space is identically zero. Consequently
their presence does not interfere with the operation of the engine. When
this type of nonsteadiness is present# the combustion process, which under
these conditions can be maintained without any difficulty, is said to be
"rough". Another important observation to note is the fact that the size
of the amplitudes of these random fluctuations has no effect upon the
operation of the system as a whole.

In the case of destructive (or detrimental) oscillations definite
correlation between the fluctuations at any two locations (at a given
instant) or at any two instants (at a given location), has been observed.
On a pressure recording (see Figure 1) these fluctuations usually appear
as an "organized" wave motion which is characterized by a definite value
of the frequency. The net contribution of the integrated effect of these
fluctuations, over space or time, results in additional mechanical and
thermal loads that the system must withstand. The additional mechanical
load will unduly stress or fatigue both the chamber and its mounting caus-

ing mechanical failure. The heat transfer rate to the chamber walls will,

# A typical pressure recording of these fluctuations (which appears as
"combustion noise'") is given in Figure 1.



under certain conditions,# increase several fold and result in a rapid
deterioration and burnout of the combustion chamber walls. Finally,

if the rocket engine can withstand both of these effects, then secondary
oscillations can be set up in its delicate control and guidance system
and thus destroy its effectiveness.

'The presence of this type of oscillation is usually associated
with a nonsteady combustion process. The organized nature of these
oscillations suggests that some kind (or kinds)of feedback mechanism (or
mechanisms) must exist between the combustion process and the wave system.
Through this system the energy, which is necessary for maintaining the
oscillations, is continuously being fed from the combustion process into
the wave system. The thorough understanding of this mechanism is of
utmost importance if the problems associated with unstable operation of
rocket engines (and which hinder the development of the science of
rocketry) are ever to be solved.##

Depending on the frequenéy of the oscillations the problems
associated with combustion instability are usually divided into the fol-
lowing three groups:###

1.) Low frequency combustion instability which is characterized
by wave oscillations whose frequencies range from 10 to 200 cycles per
second. This type of unstable combustion was the first one to be observed
and investigated.#### It is less detrimental than the other types of
combustion instability and the mechanism responsible for its appearance

as well as the means to avoid it are presently believed to be known. This

type of instability will not be considered in the present analysis.

# .
This will occur in the case of high frequency oscillations.

1 .
In spite of continuous progress in this field the instability problems
associated with the development of different rocket engines must still
receive separate attention. Up to date there is no theory which is
general enough and which can be applied with confidence to the
design of stable rocket engines.

Tk . , . .
It is also believed that the basic mechanisms, which are responsible
for the maintenance of these oscillations, are different at various
frequenty regimes.

fHikiHE

See References 1, 15, 16 and 17 for full discussion of the problems
associated with this type of combustion instability. The interaction
between the oscillations inside the combustion chamber and the feedline
is believed to be the mechanism responsible for the maintenance of
these oscillations.




2.) The second known type of combustion instability is
characterized by wave oscillations whose frequency is several hundred cycles
per second. The presence of this type of oscillation, which is less
frequently observed, may be attributed.to the appearance of entropy
waves inside the combustion chamber. A complete discussion of this
phenomenon can be found in References 1 and 12,

3.) The third known type of combustion instability and the
one that will be investigated in this thesis is best known as high fre-
quency combustion instability. It represents the case of forced oscil-
lations of the combustion chamber gases which are driven by the combustion
process and interact with the resonance properties of the chamber geometry.
Experiments with unstable rocket engines indicate that the oscillations
which occur inside the combustion chamber may be longitudinal or transvgrse.#
These latter are similar to the well known acoustic modes and are described
through the use of the same nomenclature. These oscillations have frequen-
cies which fall within a few percent of the frequencies of those acoustic
modes which would appear in a closed-end container having the same geometry
as the particular combustion chamber whose unstable behavior is being con-
sidered. In the case of transverse oscillations (which will be discussed
in great detail in the following analysis) the following are, in the order
of increasing frequencies, the most frequently observed modes of instability:
first tangential, second tangential, first radial and the first mixed radial-
tangential mode. Transverse waves can appear either in a standing wave
pattgrn, in which the nodal surfaces remain fixed in space or in the form
of a spinning wave in which case the nodal surfaces rotate, in either the
clockwise or counterclockwise directions, with the frequency of the oscil-
lation. Because of its frequent appearances and highly destructive nature,
the phenomenon of high frequency combustion instability has been in the past
fifteen years,and probably will be in the near future, the subject of con-
siderable research effort. A summary of the major contributions in this

field will be presented in the next section.

i

Provided that the necessary conditions for instability are met, pure
transverse oscillations will appear when the chamber length to diameter
ratio is much smaller than one (i.e., %} << | ); longitudinal
oscillations will occur when this ratio is much larger than one

(i.e., &> i ) while combined lomgitudinal-tr

~

. .
ansverse cscillations

SwaLAaRLlOlE

will occur when

o)~



Previous Work in the Field

It was the need for larger power plants which could carry
heavier payloads into space, that brought the problems associated with
high frequency combustion instability to the attention of scientists.
Since the early 1950's, considerable research effort, both experimentally
and analytically, has been devoted towards improving the understanding
of the basic mechanisms which control the behavior of high frequency
combustion instability. Croccols, in the first comprehensive paper on
the subject, suggested that the existence of a time-dependent sensitive
time-lag# is the coordinating mechanism which is responsible for the
appearance of these self sustained oscillations. At the time of its
publication the predictions of this paper were, at least qualitatively,
in agreement with the experimentally observed behavior of unstable rocket
engines. Crocco's original paperls, and subsequent work by Crocco and
Cheng, as well as any other relevant work in the field of combustion
instability which was available at the time, are presented in a compre-
hensive monograph on the subject published by Crocco and Cheng in 1956.
The theory and results presented in this monograph are limited, however,
to the case of small amplitude longitudinal oscillationms.

Using an approach which was analogous to the ome used by Crocco
and Cheng, Scala12 employed a pressure sensitive time-lag to study the case
of transverse combustion instability. Scala's predictions disagreed,
however, with the experimentally observed fact that the stability limits
of transverse modes are dependent on their form (i.e., spinning or stand-
ing waves). To account for this discrepancy, Reardon2 extended Scala's
work by incorporating velocity-effects into the analysis. These are
supposed to account for the transverse motion of the vaporized propellants,
oxidants and combustion products which may periodically vary the relative

local concentration of the reacting agents and thus modify the stability

# The use of a constant time-lag in the solution of rocket propulsion
problems was originally suggested by von Karman in 1942. This concept
was later employed by various investigators studying the problems
associated with low frequency combustion instability. Crocco™® was the
first one to argue that the overall time-lag can be considered as a
summation of two parts; i.e., T =7i+ Us(t) where It , is the insensitive
time-lag, which is a constant quantity while [4(t) is the time-dependent
sensitive time-lag. The oscillatory nature of [ s[t) was shown to be
the controlling mechanism which could be responsible for the maintenance
of the high frequency oscillations.




characteristics of the engine. Culick7 preferred to use an energy

source rather than a mass source (which was used in the formulation’of the
time-lag theory) as a forcing function which is responsible for the
appearance of instability. Culick's formulation and conclusions are appli-
cable to both liquid and gas rockets. The theories presented in all of the
above mentioned references were limited to the case of small oscillations
and their predictions and conclusions should be applied with caution.

In studies of rocket instability the experimental verification
of linear theories is a very difficult task. The majority of the available
experimental information has been obtained in the nonlinear regime; and thus
making a direct check of the theory is practically impossible. Indirect com-
parisons, reported in Reference 1, showed good qualitative agreement between
linear theory and experiments. In a later publication,19 Crocco, Grey and
Harrje report excellent quantitative and qualitative agreement between the
linear theory and a set of experiments (in which a variable length rocket
engine operated over a wide range of mixture ratios was used) specifically
designed for testing this theory. Reardon, in Reference 2, reports about
a separate set of of experiments in which a sector motor was used for the
purpose of correlating theory and experiments in order to "estimate" the
values of the parameters (i.e., T and n ) which determine the transverse
linear stability limits.

Frequently during the course of these experiments different
phenomena, which could not be explained by means of linear theories, have
been observed. As examples of observed nonlinear phenomenon, we can
mention the instability which is triggered by disturbances associated with
the transient behavior of the engine immediately after the start of the
operation. This kind of instability can be eliminated by attaching a
diametral baffle to the injector face. Experiments with these baffles2
also show that their presence may introduce instabilities of a different
nature, that is, operating the same engine under similar conditions with
and without a diametral baffle (which is burned and thus disappears within
a period of one second) will result in the appearance of different modes

of instability.



- These observations together with the difficulties associated
with the precise experimental determination of the linear stability
limits point out the necessity for developing a nonlinear theory which
could account for the observed phenomena and be directly compared with

experimental findings.

Linear vs. Nonlinear Instabilities

The phenomenon of combustion instability is considerably

nonlinear. The nonlinearities of the problem can be attributed to:

a) The nonlinearity of the conservation equations which des-
cribe the flow conditions inside the combustion chamber and which control

the behavior of the various thermodynamic variables.

b) The nonlinearity of the mechanism of instability. As
examples we can mention the Arrhenius expression for the chemical reaction
rate which states that the reaction rate is exponentially related to the
temperature. Another example is the phenomenon of droplet shattering
which becomes important only at a certain level of the amplitude of the

oscillation and is not linearly related to it.

¢) The third type of nonlinearity is of a purely kinematic
nature. This phenomenon refers to the fact that when a transverse com-
ponent of the velocity is very small, then the velocity vector is linearly
independent of its presence; that is, if -X- €< 1 (where u and v are
the velocity components, which in rectangular coordinates are respectively

parallel to the x and y axis) then

{ PO | 2
la| = u2 + v2 ~u(l + % (zz)) is linearly dependent of v while if
u

2
% >> 1 then |q| = \‘ o+ v v(l +%(1—12)) and q is linearly depen-
v

dent on v .

Fully established combustion instability can be obtained by either
a spontaneous growth of a small disturbance in the case of linearly unstable

engines or by "triggering" action. When the latter possibility exists,

# A more detailed discussion of the nonlinear phenomenon as well as a
complete theoretical review of the instability problem can be found in
Reference 6.




disturbances with amplitude beyond a certain level may induce instability
in an otherwise linearly stable system. While the conclusions of linear
analysis may be sufficient to avoid spontaneous instability, this may not
be the case when "triggering" is being considered. The latter depends on
the presence of finite amplitude disturbances whose investigation requires
the solution of the full nonlinear equatioms.

Consideration of the instability problem through the use of the
full nonlinear equations and boundary conditions is expected to result in
a) the modification of stability boundariés which were established by
means of linear theories and b) the "discovery' of previously unknown
nonlinearly unstable regions. These possibilities may be best explained
by means of the schematic diagram presented in Figure 2 . The unstable
region on the left of this figure represents the first possibility mentioned
above; in which case the nonlinear effects resulted in the modificatiohs
of linear stability limits. This difficulty can be avoided in practice
by designing engines which operate in a region sufficiently removed from
the linear stability limits (e.g., at mixture ratios between C and D).
Thus information provided by linear theories may be sufficient to avoid
this difficulty and the extension of the linear theory into the nonlinear
regime may not be necessary. Unfortunately, experiments seem to indicate
that unstable regions like the one shown on the right of Figure 2 are also
in existence. In this case a finite amplitude disturbance can introduce
instability in regions (in this example we refer to ranges of the mixture
ratio) which are linearly stable. Thus for mixture ratios between D and
E every small amplitude disturbance will decay while disturbance with
amplitudes larger than certain threshold values, which are indicated by the
lower half of the boundary surrounding the unstable region, induce instability.
Since the operation of rocket engines is never perfectly smooth, an apriori
knowledge of the location of these unstable regions is of utmost importance
for the design of unconditionally stable engines. The importance of having
such a design criterion provides sufficient motivation for the study of
the nonlinear stability problem.

Becavse of the complexity of the theoretical treatment of nonlinear
problems the number of available relevant publications in this field is

relatively scarce. Among these we should mention the work of Maslen and

# The following discussion is qualitative in nature and the cases described
in Figure 2 do not necessarily refer to the same rocket engine.



Moore.3 In this investigation the behavior of finite-amplitude trans- *
verse periodic waves was studied in detail. This work was limited,
however, to fluid mechanical effects only. The effects of the combustion
process, the steady-state or mean flow (which results from the presence
of a combustion process) and the preéence of a nozzle at one end of the
combustion chamber, which are so important in the determination of the
stability limits of rocket engines, were not considered at all. In
conclusion Maslen and Moore show that contrary to the case of one-dimen-
sional oscillations, in which a train of waves coalesces into a shock
wave, finite-amplitude transverse periodic waves can be continuous.

The continuous diffraction of the waves at the curved walls is suggested
as a possible mechanism which is responsible for avoiding the steepening
of these waves into a shock wave. A11en20studying the cold flow condi-
tions in a simulated rocket motor and Reardon2 taking measurements in’ an
actual firing of a rocket motor report the observations of pressure wave-
forms having similar shape to the theoretically-predicted waveforms of
Maslen and Moore.

Priem, in Reference 21, considers the nonlinear (stability)
problem using an entirely different approach. In this case, the conser-
vation equations which describe the nonsteady flow conditions inside an
annular section of the combustion chamber of a liquid-propellant rocket
engine were numerically integrated with time. An arbitrary disturbance
was introduced into the initial conditions and its growth or decay with
time (which was determined by the results of the numerical integration)
determined whether the system was stable or unstable. This procedure
was repeated several times in order to investigate the effect of different
parameters (e.g., the form of the forcing function incorporated in the
conservation equations, the Mach number inside the combustion chamber, etc.)
on the stability of the engine. This approach is not, however, general
enough and the calculated results depend on the particular perturbation
that is introduced in the initial conditions.

The successful use of the time-lag concept in linear theories
prompted Sirignano4 to consider its applicability to the study of the
nonlinear problems. Assuming the existence of a concentrated combustion

zone and considering the case of short nozzle (which in the case of



longitudinal oscillations permits the use of the assumption that Mach
number at the nozzle entrance is approximately constant) Sirignano
found the solutions for finite-amplitude, continuous, longitudinal
periodic waves which could be either stable or unstable. The results
of a specific numerical example, which was solved in this work, show
that in the range of the parameters which are of physical interest the
finite amplitude periodic waves are unstable; it was thus concluded that in
the case of longitudinal instability triggering is possible and shock waves
moving back and forth along the combustion chamber would most probably
result.

An experimental program oriented towards the determination
of the nonlinear stability limit has been underway at Princeton
University for the past few years. 1In a series of tests the change of
the stability limits of a given rocket engine, operating under unchanged
specified conditions, due to the introduction of a series of disturbances
of various amplitude levels is investigated. These tests are repeated
for the purpose of investigating the effect of various parameters (i.e.,
injector orientation, injection element spacing, thrust level, etc.) on
the nonlinear stability‘limits. In addition the effect of the transients
that are present at the start of the operation of a rocket engine has
been tested by introducing destructible diametral baffles at the injector
face. Detailed descriptions of these tests can be found in References

22 and 23.#

Objective of Present Investigation

It is the purpose of the present analysis to develop the theory
beyond the existing works on transverse linear instability and the work
done by Maslen and Moore. As far as linear theories are concerned, the
objectives of this work are to extend the existing results to include
the effects of finite-amplitude oscillations. The possibility of trig-
gering combustion instability will also be investigated. From the non-
linear point of view, it is the purpose of this work to investigate the
interaction between the fluid mechanical processes on one hand and the

combustion process on the other. The effect of the existence of a mean

4 These references include an additional list of works which are
concerned with various experimental aspects of combustion instability.
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steady flow as well as the presence of a nozzle at one end of the
combustion chamber, upon the stability of the transverse waves, will
also be considered.

The simplifications in the .analysis of longitudinal waves
which resulted from the assumption that the subsonic portion of the
nozzle is considerably shorter than the length of the combustion
chamber cannot be applied in the study of transverse oscillationms.
In the latter case the transverse dimensions of the nozzle are, at
least in the section which is closer to the combustion chamber, of the
same order of magnitude as the corresponding dimensions in the combustion
chamber. Consequently in order to investigate the stability of three-
dimensional waves inside the combustion chamber, a nonlinear transverse
admittance relation which represents the effect of the nozzle must be
derived. The derivation of this relation is a problem by itself and is
presented in Chapter II. In order to simplify the analysis of the prob-
lem the combustion process will be assumed to be concentrated within
an infinitesimally thin zone immediately adjacent to the injector face.
The derivation of the boundary condition which represents this condition
is presented in Chapter III. In Chapter IV,the equations derived in the
analysis of the nozzle flow are simplified to describe the flow conditions
inside a cylindrical combustion chamber. The solutions of these equations
will be obtained and the boundary conditions derived in Chapters II and
III will be satisfied. The nonlinear pressure waveform as well as the
stability of these waves will also be determined in Chapter IV. Specific

numerical examples will be presented in Chapter V.
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CHAPTER II.

DERIVATION OF THE TRANSVERSE NOZZLE ADMITTANCE RELATION FOR FINIIE
AMPLITUDE WAVES

Introduction

There are several fundamental differences between acoustical
oscillations in a closed cylindrical chamber and the oscillations that
may be present in the combustion chamber of a rocket engine. In the
latter case, the oscillations are superimposed on a mean flow created
by the combustion process. While in acoustics the amplitudes of the
oscillations are small, this may not be the case with the oscillations
that may occur in a combustion chamber. The waves generated by an
oscillatory combustion process travel through the combustion chamber
into the nozzle where they are partially transmitted and partially
reflected. Consequently the closed-end boundary condition
used in the classical acoustic problem must now be replaced by a
different boundary-condition which is imposed by the presence of a
converging-diverging nozzle at the end of the combustion chamber.#

When the nozzle is in supercritical operation, the flow down-
stream of the sonic point is supersonic and no finite-disturbance (i.e.
finite-amplitude wave) can propagate through this point in the upstream

direction. Thus the flow conditions downstream of the sonic point have

no effect upon the conditions inside the combustion chamber. Consequently

the point where the flow velocity becomes sonic, suggests itself as the

natural location for prescribing the boundary condition for the combustion

chamber flow. When the non-steady flow perturbations oscillate around

the approximately-one-dimensional steady flow, the location of the sonic

point will also oscillate around the nozzle throat (which represents
the sonic point in the case of steady one-dimensional flow) alternately

moving in the upstream and downstream directions. When this happens

# In the case of rocket engines the separation between the combustion
chamber and the nozzle is artificial. It is usually introduced
because of the simpler geometry and lower mean flow velocity that
are characteristic of the combustion chamber and which considerably
simplify the solutions of its flow problems.
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the flow conditions at the nozzle throat also oscillate and are
subsonic at one instant (when the sonic point is downstream of the

throat) and supersonic at another. Consequently there exists a
condition in which disturbances can periodically propagate from the
nozzle throat in the upstream direction. At the instant when the

flow at the nozzle throat is supersonic no disturbance, unless its
amplitude there is infinite, can propagate in the upstream direction.
Mathematically, this situation can be expressed by requiring that the
solutions for the flow field inside the converging section of the
nozzle be always regular at the nozzle throat. If these solutions
were allowed to be singular at the nozzle throat, a situation could
exist in which finite-amplitude waves would continually propagate,
through the nozzle throat, in the upstream direction. In view of

what has been said so far the existence of such a situation is phys-
ically not possible. As will be shown, this regularity condition

can be replaced by a complex relation between the pressure,

entropy and velocity perturbations. This relation is expected to

hold in any location along the converging portion of the nozzle and
for three-dimensional perturbations has been termed The Nozzle Trans-
verse Admittance Relation. Evaluated at the nozzle entrance, it forms
the proper boundary condition for the oscillatory flow in the combustion
chamber.

The problem of supercritical flow with oscillations in a
converging-diverging nozzle was first treated by Tsien8 who considered
the case in which the oscillation of the incoming flow is isothermal.
The solution was found for both very low and very high frequencies of
oscillations. Crocco,(in Reference 1, Appendix B), extended this
study to include the nonisothermal case and covered the entire frequency
range. Both of these investigations were limited to one-dimensional,
or longitudinal, oscillations. In a later work Crocco5 extended his
one-dimensional treatment of the problem to include the case of trans-

verse oscillations.

# No continuous disturbance can travel upstream from the nozzle throat
unless the amplitude of the disturbance at the throat is infinite.
Shock waves are not considered in this analysis.
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It is the purpose of this chapter to extend the above work,
which is limited to small perturbations, to the case where non-steady
perturbations about the one-dimensional mean flow have amplitudes of
finite size. The Transverse Admittance Relation which is applicable to
this case will be derived. This expression will provide an appropriate
boundary condition for the case when the periodic flow oscillations inside
the combustion chamber have amplitudes of finite size. The admittance
relations corresponding to the isentropic or irrotational oscillations
will be obtained as special cases of the general theory.

The work done in this chapter is concerned with the flow in an
axi-symmetric nozzle. It could, however, be extended to the special
case of two-dimensional nozzle (see Reference 5 for the linearized treat-
ment of this case). This case will not be treated here. The admittance
relation derived later in this chapter could be used as a boundary condi-
tion in the determination of the oscillatory flow conditions in any pro-
pulsive device which is followed by a converging-diverging nozzle oper-
ating in the supercritical range.

The use of the Transverse Nozzle Admittance Relation will be
demonstrated later on in this thesis. In addition, the behavior and
stability of finite-amplitude, transverse, periodic pressure waves inside
the combustion chamber of liquid propellant rocket engines will be analyzed

in a specific example.

Derivation of the Equations Describing the Nozzle Flow

The oscillatory conditions inside an axi-symmetric, slowly-
convergent, subsonic portion of a nozzle operating in the supercritical
range will be analyzed. The flow is assumed to be adiabatic and inviscid
and to have no body forces and no chemical reactions. The fluid is
assumed to be a perfect gas with constant specific heats. Using "hats" A
to denote dimensional quantities and operators, the equations describing

the gas motion can be written in the following form:

Continuity:

(1I-1)
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Momentum:
24 Lac.ay (Gxi)xd + 9P =0
AL A A

(I1-2)

where t is the time, JS and p are the density and pressure
and Ei is the velocity vector.

Since the fluid is assumed to be inviscid and non heat-conducting,
the energy equation in its simplest form expresses the constancy of the
entropy of a fluid particle after it enters the nozzle. This is expressed

by the following relation:

A

A] A A A
JDQ?S- = %%' +9.VS =0
- (11-3)
where
§ = Sp (71 lng - lnf‘) + constant (11-4)

is the entropy. In Equation (II-4) Ep is the specific heat at constant
pressure and Y 1is the ratio of the specific heat at constant pressure
to the specific heat at constant volume. The equation of state for an
ideal gas has been employed in the derivation of Equation (II-4). For
later reference an expression for ¢ , the speed of sound in an ideal
gas, will be given:

N 1/2

c = —i’-) (II-5)
“F

Let the subscript r indicate an unspecified reference quantity
A

and L a characteristic length, the following transformation will be

used in the non-dimensionalization of Equations (II-1) through (II-5):
A

A S
i=% JPg o fi5 | cog

-
h

(I1-6)
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As will be shown later,the equations derived in this section
could be used in the analysis of the combustion chamber flow as well
as the nozzle flow. Consequently the choice of the reference quan-
tities, which appear in Equation (II-6), will depend on the specific
problem which is under consideration. In the present analysis the
stagnation pressure, entropy, velocity of sound, etc. of the unper-
turbed, steady, one-dimensional flow will be used as the reference
quantities. The radius of the nozzle throat, T, is used as the
characteristic length.

Substituting the relations given in Equation (II-6) into
Equations (II-1) through (II-5) yields the following non-dimensional

form of these equations:

%‘E + V (fi) =0 (II-7)

a ey
3}: + %V{i-i) + (in)x_%_ + 'flf VP =0

(11-8)
.g-g + i,-VS =0
(11-9)
S = -é—@nP — fnp + constant
. b " (I1-10)
C (/f) (I1-11)

It is well known that in the case of oscillatory motion with
finite-amplitude waves, the frequency of the oscillations as well as
the other "eigenvalues" appearing in the problem are amplitude
dependent. 1In treating problems of this kind the following transformation
y = t§
(I1-12)
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where

§ =w - i) (1I1-13)

becomes very useful., Here W 1is the non-dimensional frequency

and A the amplification factor. In the investigation of periodic

solutions A 1is set equal to zero and the solutions of the problem
.~ . *

are assumed to be proportional to e1mSt = W = elmtdt

where m is a given integer. In the new time scale, y = wt , the
20
period of the oscillations, T , is a known quantity (equal to = )
but the transformation parameter § has yet to be determined. Assuming
that M= 0, then § =W and the transformation of Equations (II-7),

(1II-8) and (II-9) into the new time scale yields the following set of

equations:

%Y - (11-7a)

2S
w — + VS =0
2y _?;' (1I-9a)

The nonlinearity of the equations describing the flow conditions
inside the nozzle suggests the use of perturbation techniques in their
solutions. As is customary in such cases the dependent variables and

eigenvalues which appear in the problem are assumed to have the following

power series expansions:




foR
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]

g+ gl +g¥” 7€ + ole®
> - —p )

[
o

+ PP + PP + PY%° + oteY

-.:JE' + P7¢ -»‘f“’ez +f")e’ + 0

S +sY% +5Ye* +s%% + oY)

w7t +w e + Ve oY (11-14)

{t

where & 1is an amplitude parameter, whose definition will be given

in another section cof this work. Barred quantities represent the
steady-state solutions. With the exception of the quantities repre-
senting the steady-state solutions, all the variables appearing in

the series for p , L 5> 8 and fL are space (three dimensional)

and time dependent. The steady-state quantities are assumed to be

known and it is the purpose of this analysis to solve for the coefficients
of the higher powers of €. In what follows the power series given in Eq.
(II-14) are substituted into Equations (II-7a), (II-8a), (II-9a) and
(II-10) and the resulting equations are then separated according to

powers of € . This procedure reduces the original system of nonlinear
partial differential equations into an infinite number of sets (systems)
of linear partial differential equations. The solution of these

equations (up to 0 e})# ) is the objective of the analysiérpresented

in this chapter.

# It will be shown in Chapter IV that solutions up to third-order
only are necessary for the approximate determination of the eigenvalue
perturbations and the stability criterion of finite-amplitude
periodic waves.
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Following the procedure outlined in the previous section

leads to the derivation of the following system of equations:

Ve (fi ) =0 | (II-15a)

(II-15b)

T V(§-9) + (vxq)xq + ;'J;-;VF =0

i

0 (I1-15¢)

9+ VS

g = i‘— b P - Jenf— + Cowotart (1I-15d)

which describes the steady-state flow. When the steady-state flow is
assumed to be one~dimensional (and hence irrotational), the above set

of equations can be replaced by the following simpler set:

Ve (JE-Z-) =0 | (I1-16a)

P -1 = =

z =Il-=q- (II1-16b)
7 i

§ - 't'omt (1I-16c)
— - &

P = (1I-164)

Using the definition of the non-dimensional sonic velocity:

C =& -(£) -
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together with Equations (II-16b) and (II-16d) gives

C*= - 513" =

Equation (II-18) shows that when the steady-state flow is
irrotational the specification of the steady-state velocity distri-
bution is equivalent to the specification of the mean density and
pressure variations. The steady-state velocity distribution is
determined by the nozzle geometry (or vice versa).

It will be appropriate at this point to introduce the
steady-state stream and potential functionms.

axi-symmetric, Equation (II-16a) can be used to define a stream

function qJ

F§ =€oxvy

where r is the non-dimensional distance from the axis of symmetry
and egq is the unit vector in the tangential direction.

steady-state flow under consideration is irrotational,

function can also be defined:

% =v¢

The stream and potential functions introduced above are

non-dimensional.

Having solved the equations describing the steady-state flow

(assuming that the geometry of the convergent section of the nozzle is

2 _.K—l

When the nozzle is

Since the

a potential

(I1-18)

(II-19)

(I1-20)

known) we now proceed to derive the systems of equations describing the

behavior of the nonsteady perturbations.

equations is:

Continuity:

0" f"+ V(45" + %

)

0

The first order system of

(I1-21)
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Mome?tum:
!l)g 2 ) ) 73 __’_ é(', -~ =
w” g * V(§eq")+(xgrixg + 3 F V(3-7)
/ Py (11-22)
+ ;FVP =0
Entropy:
0" _25_", + ?'VSU’ o
°d 8 S (11-23)
Equation of state:
S") _ #l) 4 LM—O '
&P 2
(1I1-24)

Using the definition of c¢ , Equation (II-24) can be rewritten

in the following form:
)

£ -0

S

C*s" - 4 +C
(II-24a)

Substitution of the following relation

Py — ! gpm - BYF
V(iF) =gV 7 7
= 1 gpw _ P VP
~ iF VP o &P

= Logp 4 P11 gzt

together with Equation (II-24a) into Equation (II-22) results in the

following, more convenient, form of the momentum equation:
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‘)

w(oi% + V(z.‘zm) -+ (sz"))xz-f- V(}%‘)

L -0 oF '
- 78”vVq" =0 (1I-22a)

At this point it should be mentioned that the equations
describing the steady-state and first order flows are identical to
those used by Crocco5 in his derivation of the "linear'", transverse
nozzle admittance relation. Since the solution of these equations
are necessary for the analysis of the higher order equations, they

will be repeated in a later section of this chapter.

The second order system of equations is:

Continuity:

) @) = (1 25 ) ;1) w "
0 L7t 3G §F) = - o (sg") - " 37

(11-25)

Momentum:
¢ * - (2 ) — [ o - - f .
0" &'+ VG < (Vg 2 E VG 0
i " o “ (») _‘_C-w eli'l L ” T.0MYy 4 _f”l 7x5™ ) x -
{ .;3. + W 2 -+ V(z ? ) 2 ( 2 _Z

5 T r il

+ EI: V(‘im°7w) _f_(vxz('))xzm]

(1I1-26)
Entropy Equation:
w 9S8 ® -~ VS(:) _ " ys® wm 251" (II-27)
sy * AT =k £
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Equaticn of State:

. Pu; @ ) m
"+ £ = L) (47

IP
(11-27)
Using the definition of ¢ , Equation (TI-28) can be
rewritten in the following form:
=2 ~(3) Pw ‘f_“’—a. | =2 Jf PI') i ), 2
f F 2 ¢l S
(iI~-2c2)

Using the following relation

u)

V(,,f)- = VP +;;-J‘v;

together with Equation (II-28a) results in the following, more useful,

form of the momentum equation:

Z,
(@) 0 *

L'+ 9Gg) + (vGIE + Vi )

| ~®) _ =2 w 39" w P" 09" “f"’ )
-IS VZ ~—-[a> 3%_'*0) 7—--;—5—*}—7(12)

+}£'I(V{ihl)x-z_ + :Z,/- V[il:).—zmj -+ (V/:Zl.:))izh) ]

+ &) -G

(I1-26a)
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Using the equations derived so far and employing procedures
similar to those used in the simplification of the first and second
order equations leads to the derivation of the following system of

third order equations:

Continuity:

”—f + V'(fjm*f(”z— =- V(f"fzm N w"’_.lf‘

Momentum:

(11-29)

w® 2¢¥ (5 — o 3,52
o Z" W)+ (1§73 + V) - 57

) @) 2 0] 1 )3 p
LENE) - F - I T i
E V) - (57 2 (EE) ()37 ]

_(,[_“’ (f' 2)(2, 5'")72 - V(rf }) Y[Z"‘im) /] )-‘%? (1I-30)

Entropy Equation:

“’3_2“ ) _ A o (2) (] [ ) 98"
W 33-!-?73 {?.Vs + 209 - 5
S R4 (1I-31)

Equation of State:
w
- ) _E_‘_” 2z '_J_’ -— t

_ h)s J’
S — ¥ ""CF".ic J’f} ("f *f)

4

’ f"/ 3 fﬂ) )
- 5 (= -+ (:")[_ -
# In Chapter IV it will be shown that (,_,l(l) = 0. Consequently terms

proportional to w(l) will be omitted from the third order equations.
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Choice of Coordinate System

Before proceeding further in the analysis, a coordinate
system, appropriate to the introduction of the boundary condition
at the nozzle walls, must be chosen. Culick7, who worked on a
similar problem, developed his equations in an unorthogonal coordinate
system. In this work an approach similar to the one used by Crocco5
will be used. When treating an axi-symmetric nozzle, it is convenient
to let the steady-state potential function ¢ replace the axial
variable, and the steady-state stream function \J replace the radial
variable. Letting §s and §n be respectively elementary (non-dimen-
sional) lengths in the direction of the unperturbed streamlines and of
their normals on the meridional planes (see Figure 3) Equations (II-19)

and (II-20) can then be written in the following form:

- 4 - dy
=58 7§ =5

(11-33)

The third independent variable, © , indicates the azimuthal
variation. The detailed derivation of the expressions for the divergence,
gradient and rotor ina (¢ , y , ® ) coordinate system is given in

Appendix D.

Solution of the Equations

Assuming that the walls of the nozzle under consideration are
slowly convergent (which is consistent with the assumption that the
unperturbed flow is one-dimensional), the obliquity of the streamlines
with respect to the axis of symmetry is sufficiently small so that its
cosine is practically one and the element of normal &§n along the
surface @ = constant can be identified with dr . Using this

assumption in Equation (II-33) gives

| = -
= 7 r*
\P i f(‘P) %(W (II-34)
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Using the following definitions:

LL_“’ ?U"
%
W) .
[ S W)
75
Fwi= ~5u)
ﬁ" = §¥
| £
/ _Eﬂ = 'n'('”
"
u) 0]
s = g%

where j=1, 2,3 and u, v,

w , are respectively the axial,

radial and tangential components of the velocity together with

Equation (II-34) and the expressions derived in Appendix D,

(II-35)

the first,

second and third order equations can be written in the following general

form:

Continuity:

(0(”(% j+ J((i))‘r +€2.(gw)f +-1ff(4”lw)y

)

H’Ic =/
Iy < I
Axial Momentum'

a)lu[ETJU) +_(3? U) 1“(}7“v¢

Radial Momentum:

D1y » G+

FF s

=(B") -

/Aw

¥

H%WJ
G k#o

N
1 (57,

A) w([)

l'fk“l
¢ "fo

a)qzlfy

(I1-36)

6@

(I1-37)

(I1-38)
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Tangential Momentum:

W(.,[fU>J + ia(-g U))P +(,76f)8 - (CU)) le:. («){5, tk)
t

(I1-39)
Entropy Equation:
®, () 327 ) (] w)y (k)
w () + §(s%) = D"~} w7
4 g Y cth=d b
(K#o (II-40)
Equation of State:
=2 . (J) « -2 ) )
Cs"-n"+C% =G
(I1-41)

where the subscripts y , ¢ , @ and © indicate partial derivative
with respect to the corresponding coordinate. The exact
form of the inhomogeneous parts of the above set of equations will be

given now. In first order analysis we get:

Eﬂ): Am)? - (Bu))s” - (C U)}o - D{r7= Gll)zo

(1I1-42)
The inhomogeneous parts of the second order equations are:
_ - " (11-43a)
L _gz.(&mgw)r ,#f’ay#w?w)y - 1_}_} (#“3’ }9
A% = 7 F(A T 4") - 557 €7)p —VFF "
/ - o0t ~u ?”) ) P v m
-5 (FTs™) L FT (S (5 =(3%,)- 11717,
- (%)) + £°((r - 5 57 G
¥ e 7 ) (1I-43b)

(8°), = 50" ~$( 5~ T E )+ %%

(1I-43c)
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(C “’)9 = “J;i‘P()sz)g - “‘f%(f ’l’f"(j") ¢ J("'(TT"’

(11-434d)
(r.) - )/ lr) -3 ) f () ﬁ- rr)[fot?
g’ S -2 vifs —_— ) S
g ( ¢ Ly ( ’z“ 24 5 ( )9 (1I-43e)
J’ ")l '2-
6™ = - _'2“5; (2‘7/ T - & ) (II-43£)
The inhomogeneous parts of the third order equations are:
_ ) @) n —— 2) @) b
= - (R (Ve") - a7f (v (179" k7)),
- ;y, (d(g)fu)_'_ *tz) I))
(1I1-44a)
(3) __ n) 2) A __z 3 () o 3
{A)Y— -/”'77" 3 sn"-é(“ J<‘ )_zd‘f
+ #«)((”m (Sct)+ 3‘(%‘; ".ﬂ)"_ 4(()’-)2- Jf )+ (4(“) ‘}(m )((n-l))
_ Lo :'f") - L (I1-44b)
< o&f P
(B(s)) _ h)( (37) + ) yml)(n. «)) - L
¢ = w(m p (&= " v (II-44c)
) " ) : g2 o
(& )9 = «“(r Jo 1 (¢“L ¢ )(”’)9“ Lo (1I-44d)

D" = -2 (€ (sW)+ €5y )~ 2759 (1(s*) + ), )

(1I-44e)

f(f"’(S“’) +3%s"),)
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(L1-44£)

where

L =3%¥"¢

)

Sa b))y, () [0 (2)
vapg ot + ,{;,z ¥"% (11-4kg)

The variables appearing in Equations (II-36) through (II-41)
represent physically meaningful quantities and consequently must be real
quantities. However, since in this case the oscillations are periodic,
it will be more convenient to solve these equations by use of complex
variables. The final solutions will then be available in complex form.
The calculation of the real part of these solutions is one of the objectives
of this work. The use of complex variables leads to a considerable
simplification of the analysis. This fact, as well as some of the other
techniques used in the solution of the equations encountered in this
work, are illustrated in the example solved in Appendix A,

The solutions of Equations (II-36) through (II-41), for
j =1, 2, 3, represent the wave motion (up to third order) inside the
nozzle. These waves, which are generated inside the combustion chamber,
are periodic in time and consequently their solutions can be represented
by a collection of terms which are proportional to exp(ikmy) where m
and k are integers. In this analysis, the first order solution will
be represented by one term proportional to exp(imy) , where m 1is an
arbitrary integer. The form of the second and third order solutions is
determined from the form of the inhomogeneous parts of the partial
differential equations#controlling their behavior. In this case it will
be shown that the second and third order solutions can be represented
by a summation of terms each of which is proportional to exp(ikmy)
where k=0, 1, 2 in the second order analysis and k =1, 3 in the
third order analysis.

# The particular solutions that result from the presence of terms
proportional to «f’ in the inhomogeneous parts of Equations (II-36)
through (II-40) will be obtained in a later section
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For example we can write for 1?(j):

. (4o m :

() 'y _G)
Eayey =2, € S ey (P1¥,0)
4

Substituting such series expansions into Equations (II-36)
through (II-41), separating them according to the powers of the
exponentials and cancelling the exponentials results in the following

system of partial differential equations:
° A ) r-v-3 u)
mw® J(k-) %;('kdt») % (g’k.))? N "f’i ((P?(k.,)cp

p _ 7))
-’% (g(k-o = E

(kew) (1I-45)
. - )
@) Wy _te® i _ ("
(dmw' f(k + (% S. ) + (T, (1: )? < S(k..)df (A(kv-) )'P
(11-46)
L ) (J) - (“)
imw Zk..; g()z(k-)>‘f (lu-) _( (l;..)
(I1-47)
. w ) IR _ )
(/meau (’2; ) ( k-a S (T<3kk-» )9
_ (11-48)
; @) _ Du)
(demw™ S'() + z ( ¢ T T lemy
(1I1-49)
1 ol _ _ )
¢ (guc: clz)) Lh) - len)
(1I1-50)

The subscript (km) was included in the above equations to
indicate the time dependence of the particular terms. For convenience

it will be omitted, however, from the following analysis. The exact

# The particular solutions that result from the presence of terms
proportional to w® in the inhomogeneous parts of Equations (II-36)
through (II-40) will be obtained in a later section.
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form of the inhomogeneous parts of Equations (II-45) through (II-50)
for j =1, 2, 3 will be given in the sections dealing with the
detailed solution of these equations,

At this point it will be convenient to define the following

"Quasi-Potentials':
NG .
W) vy ' «)
F(epe) = JE’ (%,v,0)2¢' + [F (40)
?r

. Y :

~ () J) €))

’Z(cp,w, 6) = j Q‘(w;e)aw' + E(cr,e)
¥

~ (J) (J')

o .
(v
3@ 40)= fﬁ (¢,%,60" + fF;' (4¥)
Or

where F'(J) , IF;('J) and IF;(J) are arbitrary functions of their
arguments. Integrating Equations (II-46), (II-47) and (I1-48) with
respect to ? , Y and © respectively yields:

¢ .
. . . — N ,)' .l. d—l , (J)
Lﬁmqu_-O) + %L(Fm)cp + ”'”=£:1“3U5¢.% o' + A
. o ¢ — ~ i) W) «)
Hemw”z +%z(7z ¢+7T =B

) 1l ~2 . ;
(A rmw™ ? + 32(3’( ))?, + 7 = C”

(I1-51)

(I1-52)

(II-53)

(11-46a)

(1I-47a)

(11-48a)
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The arbitrary functions of the integration are missing from
- the above equations since they are assumed to be '"absorbed'" by the
arbitrary functions included in the definitions of F(j) s ;L(j)
and ‘g(j ). .
Integrating Equations (II-47a), (II-48a) and (II-49) with
respect to @ gives the following results:

~ ) ~ 0
7Z(<P,u¢9) J(m J f"'" )(p + ﬂ(o,w, 6)

(I1-54)
~ () (le) ! W) ~ )
f(%%e)wf«w f% 7= 29" + (o%e)f
(II-55)
) ke ¥ Du’ ¢“)
S(‘P,(}',e): o(q’) fﬁﬁ;;;&tf"f' (°;LP,B)}
(I1-56)
where
. -
J((lm) J “%’-';w odep!
, —€°-
(II-57)

Using Equations (II-52), (II-53), (II-54), (II-55) and
(II-46a) we get the following expressions for the transverse components

of velocity:
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(k) fB — H Fld') " .
) - ,?_{ _ 9
= e oy ?3(_‘"_‘; v+ P F-"'””}
(k=)
+ o )ZJI)O;W,B) | (11-58)
)
= fw s 77 'c*» 9‘? o - F—(o 8)
\g o A Z :f f't ' ;
{kn‘) .
+ f (¢) ‘5 (0;%9) (II-59)
where
?
(J) { ﬁz ()
= 5 ) + /q
g ld‘f ‘P (11-60)

Using Equations (II-50), (II-46a), (II-51), (II-58), (II-59)
and (II-60) together with the solutions of the steady state equations
to evaluate the terms appearing in Equation (II-45) results in the
derivation of the following inhomogeneous, linear, partial differential

equation which controls the behavior of F J :
7 (ca ') ;‘; - ik("u%mwm + 7 a) "+ (k m* "™
—% Ll ﬂ -&mw"’)F "'*—-z (‘Vay) + ITIq:I % )F(J)_ o (Dw E
() J kl g’
._% (GU 'i”)?) _Lhmw“”(Gw H' ) 2F (w(wﬂr(f( )_( -‘{u-, >q" ))
(km)

() Tn ) o
P BT ) - 2 )+ ) F )

—_— - hh) 2- ~‘J°, ( D (J) “)
-aFf T (H(Wop o) + g 5 3 flowe)) = I (11-61)
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Substituting the appropriate expressions into its inhomogeneous
part, Equation (II-61) will be used to obtain the solution of the first
second and third order equations.

Before proceeding with the solution of Equation (II-61), it
will be interesting (and important).to derive the expressions describing

the vorticity of the flow.

Vorticity of the Flow

Using the power series for q we can write

-
= Gy, L G)
vxq = ) (vxq™)e
- = - (11-62)
since ¥ x q = 0. Each of the coefficients appearing in Equation
il
(II-62) can be written in the following form:
L e e re,
3 ~* ﬁ?'*¢ L
@ 2 p) 2
VKT = | 7 2
o
6) ¢) ()
< 7 5

+ h‘;i[%(’lm) ~ 5997(5’6))_)-6’9 (11-63)
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In order to examine under what conditions the flow is
irrotational the solutions for the expressions appearing inside the
square brackets in Equation (II-63) will be obtained. Differentiating
Equations (II-47) with respect to @ and Equation (II-48) with

respect to \y and subtracting them from one another gives:

¢) (J) 6 (e) “
(3 ~To)g + -L( %.(Coy ~ Bys)

(1I-64)
The solution of Equation (II-64) is:
. (leme) -Pcu') _ B(a') , .
) (J) & ) B)
‘5’4, - f( ){f _%%?7_7,“’— o¢' + yw(o,%&)— )Ze(olxp,e)}
(II-65)

Performing similar manipulations with Equations (II-46), (II-47)
and (II-48) gives the following solutions for the other components

of the vorticity vector:

¢ () 2
5 Y lem) s“ dg.
? - ? = o((” {f "'(h-) 29! + f , ,.. =
. (I1-66)
)
+ (f(o,w,p) - 5{0,‘&0))

and

, . L =
@ A A Y I e
o= & = { —7’5{—{7:-.’,—*’-99"-: —f—%—,—%

( ’Z (w 5) — E’;’(o,w,w)}

(11-67)
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where Yikm "3 .
~ (lew) = --{ 7w °F z

Examination of Equations (II-62), (II-64) and (II-65) shows

that the following are necessary and sufficient conditions for the

disappearance of the vorticity:

@) ()]
Cuy - B\}' ®

for all ?

) 5] _
fyl%q’, 6) — N 'te,v,0) =0

W o @
Aqw - Co:p

for all (P

W)
‘? (w,o) %, (0.0 =0

‘S’ =0

)}
Biy = Ay

for all ?

for all ?

QSQﬂqﬁg)" !iy(%#ﬂs)::"

for aill P

For reasons that will become clear shortly the location

@ = 0 is taken to be at the nozzle throat. Consequently the above

conditions imply that in the case of irrotational flow the vorticity

must be zero there.

In reality, the vorticity is generated inside the

(1I1-68)

(I1-69a)
(I1-69b)

(1I-70a)

(II-70b)
(1II-70c)

(1II-71a)

(II-71b)

(11-71c¢)
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combustion chamber by the combustion process and then transported

by the flow into the nozzle. Consequently zero vorticity at the
nozzle throat implies that no vorticity is being generated by the
combustion process. Equations (II-70c¢) and (II-71lc) are in agree-
ment with the well known fluid mechanical theorem that states that
potential flow must be homoentropic. These equations can be replaced
by the more general requirement that the entropy perturbations be
identically zero. It is interesting to note, however, that the

coupling between the entropy terms and the vorticity (or momentum
- 2
equation)is through %%; . Consequently when the mean steady-state

flow is constant a situation can exist in which the flow will be
irrotational in spite of the fact that the entropy perturbations are
nonzero., This situation will be encountered in the analysis of the
combustion chamber flow where all the combustion is assumed to be
concentrated at the injector face and consequently the steady-state
flow inside the combustion chamber is assumed to be constant. From
Equations (II-69a) and (II-69b) it can be seen that the disappearance
of the axial component of vorticity is completely independent of the
nature of the entropy of the flow. This phenomenon can be attributed
to the choice of the perturbation scheme where the basic, steady-state
unperturbed flow is one dimensional.

In order to simplify the solution of Equation (II-61) it will
be necessary to assume that the axial component of vorticity is zero
(see Equations (II-69a) and (II-69b) for the conditions implied by this
assumption). Crocco6, in his analysis of the unsteady flow in the
combustion chamber, has shown that the presence of a combustion process
results in the appearance of only the transverse components of vorticity.
It is thus expected that in reality the above assumption will be approxi-

mately satisfied.

Using the definitions of ‘g(j) and ﬁ,(j) Equation (II-69b)

gives:
~ ) 20 ~ (§)
B, (099 =5, (0v8) = ], (4,9)




which implies

VZ"O'% e) — g& A2, (I1-72a)¥#
or
~ &)

Too

)
(o48) = fw(w, é)

(II-72b)

By use of Equation (II-69a) and performing the same manipu-

lations as above it can be shown that when the axial component of

vorticity is identically zero the following additional relation must

also hold:

| &) o
B =
{4 o0 (II-73)##

Substituting Equations (II-72b) and (II-73) into the inhomo-

geneous part of Equation (II-61) gives:

&) =2 @) ) =xs 0 ) )

I =¢C (D + EY 3776 +-(_-;,H)?)
- o} 1)) (1)) A~ (lem)

- (674 HY) = 273 (F(v3)

6 ~G)
o, :

‘HFDO‘ (j:—,_——;;:;DQ + rZM%s) F (v ))} (11-74)

(i)

which represents a considerably simpler form of I

# In deriving this relation, the arbitrary function of the integration
was taken to be identically zero. This relation will be shown
rigorously in the sections dealing with the solution of the specific
equations (for j =1, 2, 3 ).

HE

The above footnote applies here also. In addition, it is possible
to have a situation in which Equation (II-73) holds but Equation
(II-69a) does not hold.
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First Order Solution

Assuming that the first order solution is proportiomal to
exp(imy) we get from Equation (II-56):
_fﬁmw”gg'
) ) o b
S =Syl

. (=
= S Teye) .t
(11-75)
)

since D =0 .,

Substituting Equation (II-75) into Equation (II-60) and using
Equation (II-42) gives

?
. 5t o , , L (M)
H” =f3‘-§$ "9’ = S"(,we)f;‘l- frer o9’

[

wm)
= S$lowo) " (9)

(1I-76)
where ¢
(hm) sz (k=)
L of \
JCM) = -f , f(cp') de
, z) o
(1) (11-77)
In order to evaluate 17, the following expression will be

necessary:

(m)

*) "&J?)
(11-78)
where
(kh)
(kw) (kw ?‘)
'
‘9') (1I-79)
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Substituting the relations derived in this section into

Equation (II-74) and using the results of Equation (II-42) gives:

I°= o (3 (L), - (L)) + 275" [(F43)

PY o ) S S \
+;‘,;%—,)(5 o, f — f (fewo - F"mw))}

(I1-80)
Defining the following function
Clew)
(k) f C?)
f @) = P
lQ) (II-81)

and using it to evaluate the first two terms in Equation (II-80) gives:
(™) _(m) =) . (™)
..gz (Gf f: ) - L)nu)"jF :F

= -4 (§4, + mof”)
SPETEh = -7, a8

since

(m)

F(E7), + ot =0

(I1-83)
In order to solve Equation (II-61) (for j = 1) by the method

of separation of variables, it will be assumed that the first order
variables can be written in the following form:

_ 0 "

F” = dw K(v,64)

Gy ) 1)

f - U('N K( (%9’3)

n ©) )

N = Vi K (v8,y) (11-asy*

Equation (II-84) continued on next page .
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~ (l)

T = we K" wsy)
= Pl K" w.6,y)

«0) RU)(Q) Kn)(q" 9} s{)

!

"= $"le) K”(95Y)

where
(1) #
K6y = @® Pwe
(11-85)
&) COO V9
{9) Gim YO for the case of standing-wave motion
and
+ e
@{9) for the case of travelling-wave motion
(I1-86)
and
w '
J(y) = v, )‘}:" )
(Ij J;(S( e (1I-87)
is a Bessel function of order p which satisfies the following
ordinary differential equation:
d* (FP_' d 2
— S - -+ = ﬂ-’ SJM
q/dqll- L( 0w Y Yy ) dw J;(g(’,h) Wal) + ‘W‘:-
.__V_‘) T ff ) =
Yy Jy (SW“’ Vo) — o
(11-88)

q”w is the value of the steady-state stream function evaluated at

d
the nozzle wall and S (v,h) is a root of the equation = J, (x) = 0.




- 41 -

Using Equation (II-84) and the definitions of 6}1) and

4§(1) one gets:

) D) d ~m . 7, m
B =Vie) @0 Vel

1 ) "’“3
Y = wi @zo);f;’p@(w e

(I1-89)

(1I-30)

Note that in the given form the first order solutions are

periodic with & and y and Q’(l) (which is essentially equal to

the radial component of velocity) vanishes at the nozzle wall. The

functions defined in Equation (II~-84) are complex functions of

their arguments.

With the available information, we can now proceed with the

solution of Equation (II-61) for the case

1. Substituting

Equations (II-80), (II-81), (II-82) and (II-84) into Equaticn (II-61)

and noting that

(9(¥sv)+ a'v:%) K'twsy) = - fﬂm’- K" 6,9)

results, after cancelling K( )(qi a,y) on both sides of the equation,

in the following linear inhomogeneous differential equation for éﬁ(l)(q)):

% (c* Zl )%;‘ éw - %J(lfmw ¢ %z%t)% &

and
m 1) o)
C, =V — o

(4]

+ (m@*

' (") gv
0,_()( f (3 /? xmfzf)
(1I1-91)

(I1-923a)

(II-92b)
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are the ? dependent components of the complex entropy and vorticity
evaluated at the nozzle throat.# Equation (II-%91) is identical to the one
derived by CroccoS in his derivation of the linear admittance relation.
For convenience Equation (II-91) will be rewritten in the following form:

lo

ﬁf”')(@m - T I, + CwI

(I1-93)
where
szm)( gél)) represents the left side of Equation (II-91) and
u) -z ™ S:- —_—
= LR
.I;a ( :F <?§ 2 Yw f’3~fi )
(II-94a)
o)
:Jbl-
l:V lvk/ f,?’c :f
(11-94b)

The derivation of the linear admittance relation as well as a
discussion of the solution of Equation (II-93) will be given in other

sections of this chapter. For completeness sake the expressions for

P.%% VS%?, ghg and R$$} will now be derived. From Equation (II-84)
and the definition of FQ%% it immediately follows that

(:) )
( ) = é‘q)

(I1-95a)
Using Equations (II-84), (II-42), (II-46a), (II-76) and (II-77) it can be
shown that

Pies = =4 - § 2 Blo ~ imw " B>

(I1-95b)

See Appendix E for verification of this statement.
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69 (1)

and P into

Equation (II-50) and using the results presented in Equation (II-42)

Substitution of the available solutions of S

gives

) | 1) )
R - _E_:L P( - Sl
(1I1-95c)

Finally using Equations (II-84), and (E-1) from Appendix E, to evaluate

V(l) = W(l), gives the following result

0 _(m)

9 . O
V=8 -+ O,

(1I-95d)

after separation of variables.

Second Order Solutions

It was noted previously (and demonstrated through a solution
of a specific example in Appendix A) that the use of complex variables
will simplify the solution of the equations derived in this analysis.
The variables appearing in these equations can all be related to physically
meaningful quantities and consequently should be described by real
variables. In the second order analysis, the inhomogeneous parts of the
equations contain quantities which are products of the real parts of two
first order quantities. Since complex variables were also used in the
analysis of the first order equations, their solutions are available in
complex form. In this case, the product of two first order quantities,
A(l) and B(l), which appears in a second order equation will have to be

expressed in the following form:
)} nt? ) 0l | o) *\ ) 1y *
A’B” = AVB, = 7 (A"+A"")3(B"+8B"")

{n %*

! c U g i/ U ) * !
=5 (A”B”"‘ A()*Bt)_‘_ A”BR" "+ An BU*) (11-96a)

*
where indicates the complex conjugate of the designated quantity.
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When the second order solution is obtained in complex form the expression
given in Equation (II~96a) (which represents a typical expression that
may be present in the inhomogeneous part of the second order equations)

can be replaced by any one of the following expressions:

Ac: B:‘_) - R‘ {?;: A(')(Btil+ Bu) *)} - RL{BU)(AN"’ A(,,#)}

= Re{+A"1B+ ™)} = R [B (a7 A™)
(I1-96Db)

A comparison between Equations (II-96a) and (II1-96b) shows that

when the latter is used, the number of terms appearing in the inhomoge-
neous part of a second order equation is halved and the calculation of
the particular solutions becomes considerably easier. Using the pro-
cedures outlined above, and some of the relations derived in first order
analysis, Equations (II-43a) through (II-43f) will now be rewritten in

complex form:

A‘: m{ ?3? G P s™) +RVP"- %(i‘u"")')@"’lcm"

B PP 50+ RV L)) 676" )
3‘@"’ ) { FY (V79 ™+ vy g e ) + 25 (vy° e
+ "V V)09 | - 7 (.P'"L{ (e
HVTE'E) <P (10" (e ) ]

(11-97)

# 1In the expressions that follow, the complete form of the inhomogeneous
parts of the second order equations is given. Note that each of these
these expressions can be expressed as a sum of two terms, one proportional

2im i
to ™ and the other proportional to e =1 . The analysis that

was performed in previous sections applies to each of these terms sepa-
rately. The additional solutions of second order equations which result
from the presence of terms proportional to w ™ in the inhomogeneous
parts of the second order equations w111 be obtained separately
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Integration of Equation (II-l+3c)# with respect to Y gives:

B - Tl,.' @(1)3{(R(.7Plrl__ izuwvwl) @,,)zcliﬂg + (Rw Pwk

u)l

PO o] SR W e e

PO e v e e

(11-98)
Integration of Equation (II-43d) with respect to © gives:
Cﬂ)— 1w {(Rn)Pm U(;Vm/) @m’- 2imy
Y o y]
' o) ¥ - t # " y* .
+(R“P __?J.quu )1j® 0 de }
6r
_L - (:)J. (X 12 25"? ), (¥ iyl (,’f’
wlPIV T we e T+ wWT e 6
_l__ ~ 20 i me 1i”‘j 0) 1, 1) AW
-3 FIv ((P){v e vV 670" ]
(1I1-99)

2. —_2 o U ! it Lim O ¥ LD )
E()z_%{q—q‘j”'((w-)uw)@ e Z_‘_ (R)U )@)® *)

- — wr S ‘.‘.) "t 2 i d l' l'l" Lim ¢ 1) i)
wPE(V(0") - S0 %rsp R8T kY 0"e)

J‘PF‘? S'UUL(R(' W"(@seis)'e | +R"’WW*(@:‘3) o7')’ |

(I1-100)

#  The arbitrary functions which appear as a result of the integration

of B(Z) and ng) are absorbed by ;Z' ) and § ‘4 respectively,
The definitions of these two variables contain an arbitrary function.
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= -L{P 0 (urs o™+ uns e e)
+lf;z_—¢((‘pml)1(vu)5lr)@wlcu"j 4 V")Sw* @n) @,,N)

¥ iﬁ;f% @wz (w")s(')(@uu)i e-h‘ny + Wh)sl') ®u)’®u)#l> }

(1I-101)

Gm -.z (Puﬂ-{( ¢ wl Ru,z) @(.;2- "'"3 + (2!_4 P(-)Pw_fRuRw")Uo@oﬂ}

(11-102)
Subtraction of Equation (II-99) from Equation (II-98) shows
that when standing waves are being considered
32 - ¢ (I1I-103a)
while for travelling waves
W L mE e m® =2 !
B™-C = ¢ Ww(R"P" =4 0"V"")( 1+ 2ive)
(II-103b)
. . (2) _ ~(2)
where er was taken to be identically zero. In both cases Bgg = Coo

and consequently 1(2), as given by Equation (II-74) can be used in solving

for (2) (provided Equation (II-72b) for j = 2 is also satisfied). By
differentiation of Equation (II-103a) it can be shown that Béﬁ,) = C'(j) = Cé’g)
It then follows that in the case of standing waves the axial component of
vorticity is identically zero. In the case of travelling waves differentiation

of Equation (103-b) gives:

Bos = Cyo = "W (ROP"- 320ov*) v

(I1-104)
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The inhomogeneity of Equations (II-103b) and (II-104) can
be attributed to the presence of terms which are independent of time
as well as the azimuthal direction in the inhomogeneous parts of the
radial and tangential components of the momentum equation which describe
the travelling-wave motion. Substitution of Equation (II-104) into
Equation (II-65), letting k = 0 (since the terms appearing in Equation
(II-104) are independent of t1me) and assuming that relation (II-69b)
holds results in the following expression for the second-order axial

component of vorticity:

! @ * n)*

(\5:)'_ Vl:)).- :i—é"[( ) **Cow B,y )¢

?
w_wlf. ~ .

= J_% =Py fw(ﬁ(r) — Apr) o9
° (1I-105a)

where

~ ) ¥ -, v, [/
Al = R°P* "= g'u"y "
(1I1-105b)

Consequently the second order axial component of vorticity in the

case of travelling wave motion, is identically zero if, and only if,

a9y = ile).

To evaluate A(Q) some of the relations derived in the first
order analysis will be re-examined. Assuming that the first order flow is
irrotational (and thus homentropic) and using Equations (II-95c) and (II-95d)

gives the following results:
2x D .

V(l)‘ = U(l) (I1-106)

Using Equations (II-106) and (II-105b) it can be easily shown
*
that indeed X(q’) = K(Q) . In conclusion it can be said that when the
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first order flow is irrotational and the second order axial component

of vorticity at the nozzle throat (@ = 0) is zero then the second order
axial component of vorticity for both the standing and travelling-wave
motion is identically zero.

To obtain the solution of the second order flow, an appropriate
form of the inhomogeneous part of Equation (II-61), for j = 2 , must be
derived. Substitution of the appropriate parts (i.e., those having the
53) s B(z) s D(z) s E(z) and G(Z) into

Equation (II-74) (which gives a more useful form of I(z)) and using the

same time dependence) of A

latter in Equation (II-61) results in a cumbersome, inhomogeneous partial

(2)

differential equation for F which can no longer be solved by a
straightforward application of the method of Separation of Variables.
This difficulty is caused by the presence of products of first order quan-

e

tities in The similarities between the equations controlling the

behavior of F(l) and F(2> suggest the use of a series solution for
F(z) In employing this method the terms appearing in I(z) as well as
the second order variables are expanded in a Fourier type series in terms
of the eigenfunctions which transform the homogeneous part of the equation
from a partial differential equation into an ordinary differential equation.
(This method, which is also known as an "Eigenfunction Expansion', is often
used in the solution of forced vibration problemsg.)

Examples of such eigenfunctions are given by the following

expressions:
~ - v
Kwo) = oo w8 Ty (S ()
for standing waves

and

o inyé
K(SU,G) = e J:.y (Q(m’,z) J’%:)

for travelling waves

(I1-107)

where
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The transverse dependence of the first order solution was
expressed by one of these eigenfunctions. These transverse eigenfunctions
form a complete, orthogonal set and thus can be used for the expansion of
I(Z). A more detailed discussion regarding the use of this method can be
found in Reference 2 where the same method was used in the investigation
of the effect of the transverse velocity components upon linear combustion
instability. Proceeding with the solution of the second order equations,
the expansion of the part of B(z), see Equation (II-98), which appears in
I(Z) and is proportional to exp(2imy) will be demonstrated in detail for

the case of standing-wave motion:

) m ’ n*

(L PRyTE S ' -
“-, (q}uﬁ o) ¥ B (p) —~ L gl#’)( (0) Y } W (¢)

o) s J-U"
- 4’((17(?')) @‘lo) 7 f’ 2 Vo
(11-108)

where

B|(?) = R”P“)"- gl u[,, V(.,/

Using the following trigonometric identities

) A

o) = C’y8 = F(1+ (o> 2V0)

(@"19)) = v2smve = L (1—tnavs)

in Equation (II-108) gives:
(3) -t *

!
Bu..., = { 7 B,(® ‘-{ (H co2v0 ) Yie)

— u[.l - 2

-3P4 Wi £ (1 - to 18) 55 W)

- W v/ dim (II-108a)
15TV £ (1+ mwe)y(Tiw) fe
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To obtain the series expansion of ng)) in terms of the
eigenfunctions which are defined in Equation (II 107), each of the
©) 0
functions ( 'P (y) )2 , \V(‘PNJ )2 and g \Tj “P) , which are

contained in B(Z)

am) must be expanded in two Dini-Series, once in

[ , ¥y
terms of Jo(s(o,q)‘/Wb ) and once in terms of sz(s(Zr,q) W )

The exact form of these expansions is available in Appendix C. Substi-

tution of these series expansions into Equation (II-108a) gives:
.Y

o aimy 2 -
B = ¢ {Z @ T, (Sepl)

=0

+ Z ) , )Co'alV&f (gw,,F)} (1I-108b)

where

() { o '
B = A“‘S’ TB‘(?) - "“Ff ‘(ff) (8(,.%) V (,i,)(ﬁ,

(&i\,o,%)
(II-109a)#
and
(l‘) - A | | == m VzC _‘_
B(a». ,145) (g TB‘(‘P) - ?f? V(w (B“"'i’— ()45)) P
(1II-109b)

The relation V(l)(cp) = W(l) (¢ ) , which holds when the
first order, axial component of vorticity is identically zero, was used
in the derivation of the above equations.

The subscripts used in Equations (II-108b) and (IIL-109) are
special cases of the more general combination of subscripts, i.e.,
(km,ny,q) , which indicate the time and space dependence of the eigen-
function which multiplies the subscripted coefficient. This form of

# See Appendix C for the exact definitions of the constants A(j Q°
b

B and Cey gy j = 0,20/, whi his and th
(j,q (j,q)* for I 0,21 , which appear in this an e
following equations.
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subscript notation will be used throughout the following analysis.

” Using similar procedures, the eigenfunction expansion of the

remainder of B() (i.e., ((,)) as well as C(Z) , (2) , (2) and

G(z) can be easily derived. The details of this derivation will be
omitted from this presentation and only the coefficients of the eigen-

functions, which are functions of @ > Wwill now be presented.

"

3) WAt =2 0, e’ | 2 oo yMy*
B8y = T Aep (R7P"™ §2UV") = oL (Bogs 407, ) FE VY™™

/ b,.,z)
(II-109¢)
@) J o nr, ¥
3.,‘31::“0'4’(’2”” =FUV) - i (Bup =V Ca PR UV
(II-109d)
@/ _{_d“' m2 " _ 4yt n
A, = Ao (FF g™ sT)+ P2 G0 )
: : S T Ea ey
—WQ(B%’”VCMp)((f?) V' + 27¢ vV )
(II-110a)
(¢ ' x R "’F"'*'
) = — ’ e
A‘;;W Aoy (T (55 PP S7™ )+
-3 (FUU") ) e, (Buay =V Coop ) (PO VY™ 5 (V™))
(II-110b)
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/
/g»(?) -

| w2 ot N p! -1 U
o TFAW( ;—f? T P S )+RPT - 2 (G ))

(b e b0 17 )
(II-110c)
'

~ L I
Am;’ =7 Aoy ('* ‘éf?

-l

2L pUpty g 6t ) + ROP L5 U )

- (B 5 (GO FE V™))

(I1-1104)

Examination of Equation (II-74) shows that E(Z) and D(z)

(2) in the following combination: (E(z) + D(z)) Using

(2) and D(z)

appear in I
the definitions of E as well as some first order relations

it can be shown that

()

Ez( Eh) Du.) C-z. Zi;w._g_(.) g_")f _ ‘km((.w(.,k(,,_‘_i—'zk;)))

. 1) , vy .'fl !

Using complex notation the above expression can be rewritten

in the following form:
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(EUJ :_ ..-.;-: C [( UU ) R”LUMR“* ?z- n ) ) @wl,eztnj

+(‘i ((I )U"' R (tw”R" +3R") ) @ @'*} @féf
-F§ ¥(Pw) (® v et ™+ VP e e )

-fi- ‘-r—’? ([}w) (Vwa@:w).le + V Fu#@ m,,)

(1II-112)
Expansion of Equation (II-112) in terms of the transverse
eigenfunctions leads to the derivation of the following coefficients:
L - _ 1 fze =2 mr PP\ pbyrs e pt
C (Eu)'l-Dw)(MMp = -3 {C Aww(‘i— v (-C:‘) R"(iw™R
20’ _ | _p¥ a1 p
(I1-113a)
~3 o) i -2 =2 P"Il 9y e e '
C(E(,)fD(f))~ ;{{C A"“i’(% (c:‘) U—RY (‘quu
(o, H,5)
=T )/ 1 ] sa 1/ pW¥
t4 K )~ %(Bw:s’"v w,;:)zf‘ZV P }
(IT-113b)

E"(E?f', +D‘z;))(.l-n,.,p - — 7;’_ {élAhI;, (%1 (_Zﬂ:’) ’UW__ R(’)("wu)RM

+3'RY) =, (Bogs* ¥ Cug) ¥ VP |

(1I-113c)
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(e ), == §{Ch (FE) R RR)

(0,04)
| 2 _—— ) ~e)F
- (8(.4,+u Cuyy ) 2P5 VP

(1II-1134d)

Finally the expansion of Equation (II-104) yields the following

coefficients:
) | =1 _{ Wt n¥
Gw = -3 Aw,s)(gvf’ - R )
(am,24€)
(11-114a)
(:()e) —_— [ ElA L P(:)F(.J* R(,)R(,)Q-)
(0,3%¢) ¥ (v \ ¢
(II-114b)
() | =a p 2 2
() = — ‘3‘ A(of“) (‘g’} P - )
{.\u,o,z)
(1I-11l4c)
® ’ § W em* . -
—_— —_— ! ») 1) i
G(‘ﬂ -_ 3 A(o,%) -é—;‘P P‘ ——R R )
(°i'i$)
(II-1144d)
Before proceeding with the expansion of I(z) it will be

(2)

necessary to solve Equation (II-56) in which S is the only unknown.

Using the available eigenfunction expansions as an example it is assumed

(2

that the second order entropy, , can be written in the following form:




- 55 -

@) ) 2imy ) -
S = L sk, T Sk Jom v T Gul)

DN LSRRI FCH 5

= Gm o) (0,2,4)
(II-115)
where the coefficients Sgiifﬁlzq) are still unknown. Substitution
(2) . . . . (2)#
of S , as given above, as well as the eigenfunction expansion of D

into Equation (II-56) and separation of the variables in the resulting

equation yields the following relation for each of the coefficients which

appear in the expansion of S(z):
ke )
) e ¥ e @)
S‘ (¢) = f(v) Umpmid 1oy + O
k o 2 (h-.,w,z)
( ™ 14) o % - &)
(I1-116)
where
@ 22
=S (o)
(b",r»gs) (h"‘t""gf) (11-117)

(2)

Finally to obtain the expansion form of H

expansions of A;Z) and S(z)

the eigenfunction

are substituted into Equation (II-60)

yielding the following coefficients for the expansion of H(z):
@ ~ (2 « (e
Ho = Hw® + ac® £,
Cmymyg> Clommng) (lemmrg> 7
(II-118a)
# (2)

The eigenfunction expansion of D can be easily obtained by a
strajight forward application of the methods that were used in the

expansion of expressions that appear in 1(2) .
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where
{ P @
,.,(l) I d-—z {‘,u) ‘ ) ,
H (f) = - j ( (@) j u;— w; a(4>>d
kmp iy 4 5 %(W-,‘:v') ¢

(11-119)
and f{km) is defined in Equation (II-77). Substitution of the eigen-
function expansions of ¢ (E(z) (2)) R G(z) s B(z) and H(z) into
Equation (II-74) gives:

00 .
‘z_) (2) D-CM:] (l) —
[ + [ @ o wo ]S ﬂ)
Z { (3“;1 C (9 30§)¢ j J.W o) Wy
3=
00
(2) Js"mﬂ “’"
+ Z{Iw e+ Ilw }I(S(,ﬂi,\[—;)
%s - (3m,0,4)g (9,955 W
(11-120)

where

~(z) 7

@) A2 ®) (2) 3 I § (%)

I(Q) = C (E (®) + DUH) — C (kn,h/‘) (k:,h/,_g)_
(lew, W)

[hh' ”['S)s

(2) ~ ) “’ "m
- C'kmw(ﬂ(G(‘f) -+ H (q) ) + C JD f g(ﬂim)J (ﬁ—,m’,‘)_m_(hh,",i)_d¢
(ku,»r,sl (hm,wg) f (")
(2 =y C2 (k) 2 (kem)
fgcz -52‘-53'?——f _ 0___(:.) -;(... -S-.‘-'L'ff’
v(km,nw,g) 2w Yo (kmg) A4 )

2 (km) (km)2

+ ?‘ J(. ﬁ (11-121)
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and
() 2) ()
C = V(o) - é (o)
! (hh,m’,i) (few, wr ) ('C"'u'\",‘x)

(I1-122)

can be shown# to be related to the coefficients, evaluated at the throat,

which appear in the eigenfunction expansion of the second order vorticity.
In order to obtain the complete solution of the second order

equations, the remainder of the second order variables ( S(z) has already

been determined) are assumed to have the following series expansions:

Fowep= 5. et { Z ix",’ L, (Sag U )

{:o}’_ (k l I

i‘(:’ Coo 208 J,, (Suwr)

k-»:»';g)

thng (11-123a)

Sewp=Fe {3 U8 1(507)

k.o, o U:n,o,j)

% ()
L
Z o) CO’JJ—V&] (S‘“'s’f%,) (T1-129)

(kom, g
1=

#  TFor verification of this statement, see the derivation given in
Appendix E.

## 1In addition to the terms appearing in these series expansions, the
second order variables have another component which has the same
transverse and time dependence as the first order solution. }his
term results from the presence of terms proportional to
in I(2). The derivation of these terms as well as the resulting
additional components of the solution will be discussed separately.
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))zu) 3 Z ed‘ ) {Z V ('P) J’o(g(,,v(gw)

( —
¢y, 8 ‘J e e (w0 5
(I1-123c)

+ i l?) Coo 208 T, (Su»’.g)m) }

1= Umm; )

~ () Z C“""ﬂ {i W‘('ZJ Jo (gto,%)dTp-‘f;:\l)
i:o

-—

5 (4,¢,0,9) =
L0, Ucv‘,o,i )

Z \/\/ue) Coo 26 J;, (S‘*"zt’d-% )} (ar-123d)

‘k"llvl,’

‘lmy[z P‘(::) (gco,t) J_‘ )

(fem, 0,9)

@)
T@y6y = &

+ z P((;w Con 26 J,, (S(;,,%,\[%:)j

7- ' (km, g

%,q’,&y} Z Cdma{z R.‘::U _: Sco,pd—%:)

*-02' (kn,o,i)

(II-123e)

+LRiD, o2 T, (sl

b= _ (I1-123f)

Substitution of Equations (II-123) and (II-115) into Equation

(II-61) and separation of variables yields the following ordinary differ-
(2)
of F :

ential equation for each of the coefficients é (2) (@)
. (km,ny,q)

()

=22 =2 dz ) et 1©) -2\
% (C' % )Féu..,w@_ Z ('u'kmw +—5l_:”%f? )J‘Fik.,mp

@) (2)

é _ I (II-124)

L -2 -2 _— 2
+(,£ N ‘ngi thma” — P3¢ E_w,z’_) g —
M kn,nu,x)




- 59 -

For further reference it will be convenient to rewrite

Equation (II-124) in the following form:

2) @) 2)

2)
(w ) — + C
“'"‘:"’j) (€=, g2 (&n,nv;) e(k""m"i) l(b-,w,f) —'V(k""”"'i’

@)
N (lem, nv5) (11-125)
where
(2) (2)
f’ (N) represents the left-hand side of Equation (II-124) and
(b')"’:v ""P’?
@ —af—— C* (lem —2 Clm) (lemy 2
=C(FF Sz f + 3L S
4 (kh, m),;) q)vJ 3
(11-126a)
@) 2 (lew)
— F%’ é" S nve)
V(k,,.' ml'i) 2Yw °
(II-126b)
ar(2) ’
(v
=27 _(2) _ - + ]
I = C(E(?H-Dm) % "( e ) - H. «o )
N(k-,m’,i) ,w,z) e
~(2) e (k») _ ~(2) -
‘.‘&M(O ( «) + (‘" )+ CL (kanﬁs “"T".’iﬂ '
(in,l-‘ii I-{‘-'“p f? 0 2_’0., (h.; d¢
(I1-126c¢)

Above expressions were obtained from I( ) which is defined in
(km,ny ,q)

Equation (II-121).
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Assuming that the solution of Equation (II-124) is available,
we can proceed to solve for the second order components of vorticity,
velocity, pressure and density.

Using Equations (II-123c) and (II-52) the second order radial

component of velocity can be expressed in the following form:

= T e [T Ve T (sull)

&aol, =° ( "‘oﬁ)

Llemy

-—1

i Ve oo we & I( gaﬁ,dw)

4= (ku,;qi) (I1-127)

Similarly using Equations (II-123d) and (II-53) the expansion

of the tangential component of velocity is:

(v e m @ —
g=)e “Z Wier (& 6299) T (S )

(ku,ugtj)

(11-128)
It is important to note that the second order tangential component
of velocity has no terms proportional to JO

Using Equations (II-51), (II-123a) and (II-123b) it can be

shown that
{2) @)
Jw = j‘f— P @
(I”H"IS) ? (‘:b-,)w,Z)

(II-129)
(2),3(2)’ §(2)

Substitution of the eigenfunction expansions of Yl

into Equation (II-63), gives the eigenfunction expansion of the vorticity
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in which each of the ¢ dependent coefficients has the following
form:

(VXQ)Jo = E( B Vo e,

- Ck")"':i) (kn,n (km,nv, )

—_— “,)’ ‘2),
+ r( (v) — é(') )
f? U“'/'"'i) (e, nvg) Ee

(II-130)

As in the expansion of !; (2), the tangential component of the

vorticity has no terms which are proportional to J The expressions

inside the square brackets in Equation (II-130) can be determined in terms
of known quantities by expanding Equations (II-67) and (II-68). Substitu-
tion of Equations (II-127), (II-128) and the series expansions of B(z)

H(z) and F(z) into Equation (II-58) gives:

@) (le> Bm ﬁ “() i p
®) - e)
\/ () = f(q) J —Lk':aﬂd’_.‘—k;:m— d¢ + _(l..-,.v'g)—-
(lew, ny, 45 ; ? f, f pod

), 2y (z) @ (k=)
o (Yo -85 Y-g® f

(kn,n/s) (ku,nl,s) Uz»,n',i)

(I1-131)

Since B(Z) = C(z) it can be shown by use of Equation (II-59)

that the following relation holds:

v@ ¢y = WP (e
(km,ny,q) (km,nv,q) (11-132)

which is analogous with the results obtained in the first order analysis.
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(2) and S(z)

Substitution of the expansions of F into

Equation (II-46a) and separating the variables gives:

?

) - ) . {2) . @
Po = J“' 9T do + A® = (k" @
[k"'l”"if, 0 o U‘":"‘"IZ’ (Eu,m’,il (kn,»;tl

3]

(e}

-2 d
- 61» de¢ @m (II1-133)

Clem, n)5)

Once ]T(Z) and S(z) are known, the coefficients of d((z)

can be determined from Equation (II-50):

@) ( () ) ()
Rue) ::-.—..-,(6—(9) + P )-—Sm
(lem, wig) c (lemnvig2 (tem ) §) Chewmy m914)
(I1-134)
(2)
The solution of Equation (II-125) for é ) as well as
(km,nV,q)
2 (2) (2)
the determination of &~ , V(o) and _é ) , whose
(km,nV,Q) (km:nv,q) (kfrl,nv,q)

knowledge is necessary for the determination of the coefficients which are
present in the eigenfunction expansions of the second order variables,

will be presented in other sections of this chapter.

Travelling-Wave Motion

The analysis performed so far has been concerned with standing-
wave motion only. To consider the case of travelling-wave motion we must
return to Equations (II-97) through (II-102) and obtain the eigenfunction

expansions of these expressions which are applicable to this case. 1In

) e 1 ive )
this case, substituting @((,)) = e into the complex expressions for
A(z) and following the same procedure as the one used in the standing-wave
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analysis gives the following series expansion:

z @’ J.L(V0+ my)
= Z lA(‘,f,,’,Mi, ¢ L (SM;)J;"Z )
1:1

+Zamﬂ%%)

00,9

(I1-135)
. (2) 2) . .
where the expressions for A (,) and A @) are given in
(2m,2¢,q) (0,0,9)
Equations (11I-110a) and (II-110d). Similar expansions can be obtained

for B(Z), C(z), EZ(E(Z) + D(z)) and G(z). A comparison between the

eigenfunction expansions for the two cases shows that in the case of
travelling-wave motion the expansions do not contain any coefficients

in which the subscript (km,ny¥,q) contains a zeroc for either km or ny .
The coefficients which appear in these expansions have the same definitions
and are twice as large as the corresponding coefficients in the case of
standing-wave motion. Using the expansions cf the terms which appear in
the inhomogeneous part as an example, the second order variables describing
the travelling-wave motion are assumed to have an eigenfunction expansion

of the following form:

2(VB+my)

Do (1)
T L4
Z (zn,'.w,s) e "J.\V (Sﬂﬂz’k/;’:l )

Q:

+ Y Ko T(s.0E)

4=0 ‘°”'1’ (11-136)
1[4

-~
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)
where X is a dummy variable which can be replaced by anyone of the

(*mm‘,t)
. ‘s (2)‘ (2) (2) (2)

) 112 A  { q)
following quantities éé (km,nv,q) ’ U(] ov,q) ° (1 ’( { y W(] f v,q) ’

(2) ¢y (2) (g (2) (@ . .
P(km,%v,q) R R(km,nv,q) and S(km,n?,q) . Using the suggested series

expansions for the inhomogeneous parts of the equations as well as for the
second order unknowns and following the same procedure as in the analysis
of the standing-wave motion would yield, with one exception, the same

results as in the latter case. The exception is that in the case of

travelling-wave motion, the variables A'(®) ", B(e) s
(km,nv, q) (km,nv,q)
EZ(EQ%; + Dgg?)(km,nv,q) , and Ggi;,n¢,q) whose definitions were

given before, must be multiplied by two wherever they appear. In view of
the remarks made above, the derivation of the equations and solutions

describing the travelling wave motion will not be given here.

Irrotational Nozzle Flow

In this section the equations which describe the second order
irrotational flow conditions inside the converging section of a nozzle
will be discussed. The knowledge of the solutions of these equations and the
resulting admittance relation is necessary for the analysis of problems in
which the flow inside the combustion chamber is assumed to be irrotational.
The relations derived in this section will be used, later on in this thesis,
in a specific problem in which the stability of finite amplitude pressure
waves inside the combustion chamber of liquid propellant rocket engines
will be investigated.

Using the first order relations for irrotational flow in

Equations (II-43b) and (II-43c) yields the following results:
@ ™ |z omt > pot
Ay = 2(2), — 2@ ™), —(vPEI"),

— (II{F ];C; ?w )¢ (11-137)
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. and
B(t’ - _1—("'",1 wx ( - lt)") - _’ o4 ll)l
7 v~ 2 _)w J,(‘ZF ) vEENn”), - (%f33"),
(II-138)
‘ Differentiation of Equations (II-137) and (II-138) gives:
A2 _ g(2)
Aoy ??
(11-139)

which is one of the conditions which must be satisfied whenever the flow

is irrotational. TFrom previous discussions and Appendix E it can be

shown that whenever the flow is irrotational (and hence homentropic) the

following relations:

0] @)
S = S‘ = (T" = o ¥ Cnt al _

(e, mv, ) (K, ;) TP

(I1-140)
must be satisfied. Substitution of Equation (II-140) into Equation (II-60)
and integration of Equations (II-137) and (II-138) gives:#

L@ O

N

(I1-141)

Finally substitution of Equatiomns (II-140) and (II-141) into
Equation (II-74) gives:

I::.tat.-ml . { E" - (G 2 ) } - Hmw”(6% AY)

which is the inhomogeneous part of Equation (II-61) for the case of

(1I-142)

irrotational flow. A comparison between Equations (II-74) and (II-142)

shows that the latter is considerably simpler. The resulting simplification

#

The functions of the integrations will be taken to be identically zero.
Following a different procedure it can be shown that these constants are
absorbed" by the arbitrary functions which are included in the definitions

) X
of F and N
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is not sufficient , however, to avoid the use of series expansions in

the solution of this problem. Following the same procedure as before,

the eigenfunction expansion of Iiil €. for the case of standing wave
motion gives the following result:
wm dim
‘mt = 12; { (o,,),()‘((qa) Cl 4 4 ]_‘w) +7"@ (B(.,.i,+ Vl&,;»)()mc
Yy = (4 Limg (
t —r((f)) } L(Stp,g)\[i;—/":) +Z {E A(»J,Z;(X[‘P)C + _1t9) )
j=
[ 2
+ 15 (Bup™V Cap ) (A®E "+ ‘chv))}
(1I-143)

When travelling-wave motion is being considered the inhomogeneous

part of Equation (II-61) can be written in the following form:

v

o) lL(V9+m‘7)
+ ( M?}\/(‘P) + 1 (B(u )-V Cuv,x)))(‘?)) w&“"t’ %“')

(1I-143a)

"
—

where

()&

Xi)= L0 (R R - E) T (5 &

(I1-144)

# The symbols X (alef) , <L (beit) , 3 (gimel) and ~T (dalet)
which are used in the follow1ng equation are the first four letters
of the Hebrew alphabet.



(')

:L(CP) — "!‘i C'L{R(-;*(‘:me(.;_k iLR"’,) @ Um*(“")

(z_: P"’f;‘"*_ 3'; % VU }

(I1-145)
A9 =2 EF (27FV7) + WPV - PRV

(1I-146)
T CE(GFFVVT) - PR vPT

(11-147)

and the definitions of the constants A_, > B_.. and C
(G, (G,q) (i,9)
for j = 0,2V are available in Appendix C. Using the results derived in
this section and repeating the analysis performed in pages (51) through
( 62) of the previous section would provide the differential equations
and the form of the solutions which describe the second order irrotational

flow.

Third Order Analysis

To obtain the solutions of the third order equations their
inhomogeneous parts as given by Equations (II-44a) through (II-44g) must
be rewritten in complex form and then expanded in terms of the appropriate
eigenfunctions. Since the inhomogeneous parts of the third order equations
contain products of first order and second order quantities and the latter

are available in series forms, their manipulation and expansion are
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considerably more involved than the manipulation and expansion of the
corresponding expressions in the second order equations. In addition
the eigenfunctions used in the expansions of the third order variables
are entirely different than the eigenfunctions used in the second order
expansions. With the aforesaid exceptions, once the dependent variables
and the inhomogeneous parts of the third order equations have been
expanded and substituted into the appropriate equations, the solution
of the resulting equations for the coefficients which appear in expansion
of the third order unknowns can be obtained in exactly the same manner
as in the second order analysis. Consequently the general solution of
the third order equations, which is very long, will not be given here.
Instead the special case in which the flow in the subsonic section of
the nozzle is assumed to be irrotational will be considered in detail.
The results obtained in this analysis will be applied to the solution
of the specific problem in which the stability of finite amplitude,
irrotational pressure waves inside the combustion chamber of liquid pro-
pellant rocket engines will be investigated.

Using Equations (II-41), (II-42), (II-43f) and (II-60) and
assuming that the first and second order flows are irrotational, it can

be shown that

M) =HD = (=L r-sse2)§ + L0 ) (K7),

+ (%K), - Ly

(II-148)

B, = (-L(r-30+2) + $(#2) )("M)f (€%, - Ly

where L 1is defined in Equation (II-44g) (II1-149)
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Integrating Equations (II-148) and (II-149) with respect to
. #
@ and \’I gives:

a® _ a0 3
(II-150)
Using a similar procedure it can be shown that
A3 L
(II1-151)

Using Equations (II-150) and (II-151) and assuming that the
flow is homentropic and that all three components of the third order
vorticity are zero at the nozzle throat it can be easily shown, by use
of Equations (II-69a) through (II-71c), that all three components of
the third order vorticity are identically zero.

Assuming that the first and second order solutions, for the
case of irrotational flow are completely known, we can proceed with the
eigenfunction expansion of the inhomogeneous parts of the third order
equations. Since detailed examples of such expansions for typical third
order expressions are available in Appendix B, the expansion of the third
order equations will not be covered here in detail. Using Equation (1I-150)
and collecting terms according to their dependence on time = yields the

following expression for the inhomogeneous part of Equation (II-61):

(» ($Y) (3) )
=2 (%) =2~ . (£ Y
I =CE -C (&u—f* Ageny -L4¢mu)'°)(G + A )
(), (kny -~ ¢ () lew)
trrol .
(1I1-152)
where k =1 or 3 . In the following paragraphs the complete definitions

of E(3) , A(3) and G(3) which applies to the case of irrotational

flow will be given:

# The result obtained here is quite general as it applies to both the
travelling and the standing-wave motions. The constants that result
from the integration of these equations are assumed to be "absorbed"

(3) ~(3) . . s o R "
by F‘3’ and 7 ° which are defined, within an arbitrary constant,

in Equations (II-51) and (II-52)

##  See discussion on page 28.
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FXUEUWRE T P KWLy + 5 FE VST,
~3* (e, + €0, ) - Ty (17", + 1" (%))

- FE (£, * (3, _—

1= (L0 5050) + EE0) K7+ 0RO k"

(I1-154)
-(insm Ecz) +1Ff4”l"’ '”+3'¢f7:‘5""5‘”)
and
—2 n3 -2 , 2
6@ - £ (-1- Ze(e-n) ¥ = E - ¥ K
(II-155)

Substituting Expressions (II-153) through (II-155) into
Equation (II-152) for k = 1 and k = 3 and expanding the resulting expres-
sion according to the procedure outlined in the examples of Appendix B

yields the following series:

3) ;f cs)
; “m au, <m"’ g (“'3 o ["
=

(3)

3m;;
T (Ié“:ﬂz" I (@) )Co:) V&I (&"’f )} (11-156)
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which applies to the case of standing-wave motion and where

o0
81)11 W,q") Z {( AR, + AR, + ARy + AR+ AR, +AR,
=0
oo ag? }
LT ) A(.w,go %: (( ARy + AR, '*'ﬂﬂ,q) (y ) (ﬂﬁ,-l'ﬂn + BA ) (’8 , )
wy)

+ ‘Vv/ (AA’f WE') + AA‘ Gn'g)) (wg') (’tm + Hﬁ,o + AA

+ AA"*) (1I-157)
81)31 q') =Z {(BBI + BB7+ BBS+ BBM + BBls + BB,S-

f:o

2% 2,9
+ BB, )AL + & ((BBy+ BB+ BB,Q)B:M:,, + (BB,

GVZQ

+B8B,+ B8, ) | + (8, By, + BB, Mo, )+ (BB,

)

+ BBy + B8,, + BB, +BB, )N

(35,8
I1I-158)
; (2%
I§3t)n,v,q') =Z{(CCI +CCp+ CCiy+ CCy + Cliqgt+ CCp CCZ‘) (V s’

%’:o
)
+(CC,_+ CC,t CCy* CCHt LCC,u+ CC‘,+CCZ.,)A:;,) + 7;7“1 ((CC.,-!- CCyy

(cc7+ CCtCCy, ) C oty }

+CG,.) s(, o +(ccg+ CCr+CCy )BT g

(V)

W)
+ 0 (CCe Dy + Cy Mo )+ (€Cy + €Ot CCis + €+ CCLN

(1I-159)
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-]
NE)) _ ()
1:0
(4
+(DD, + DD, + DDy, + DD+ DD, + DB, + DD,,) f,j +, ([P0 + DD,

©3)

ovg)
+DD ) (DDs-f- DDzs + DD3,) g ‘f‘(DD ‘f'DDz“f' Dogz) (%5) )}

(VTO

/ w, (v,v)
+ (DD, D, 2T DOy MM o )#(00,+DD,, + DD 5+ DD,g+ DDy, ) N g

(1I1-160)

and A@y’qz , BCI%q? etc. are the constants that resulted from the
(wa') (v,a")

expansion (in Dini Series) of the |P dependent portions of the inhomo-

geneous parts of the third order equations. The definitions of these

constants are available in Appendix C. 1In the following sections the

definitions of the quantities which appear in Equations (II-157) through

(II-160) will be given. The reader who is not interested in following

the exact details of the analysis may proceed directly to page 83 .
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—2 -2 s L " n* )
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€Cy7 =0
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The expressions derived so far were applicable to the case
of standing-wave motion. In the case of travelling-wave motion the

inhomogeneous part of Equation (II-61) can be written in the following

form:
& o) 3 (Vo+ my)
3) _ ¥
e T Z’ I(ih,y(r,‘;ir ¢ Iay (S(seg‘)m )
3!
— (3) ((V9+Mg) 7
+) l_u_r;n, J, (Seg) {';7',) (11-165)
=T
where
oo
(3) <7
I(3m,3v,q')_r= ZJ{(AA‘+AA7+AA9 +AA AR tAA s + AR, ).ZA:"?.)
%‘;I )

+ -(%,;((AAB*‘AA,‘* Aﬂ,g ) Bi (AAS +AAn AAzo ) C{sup )} %’ (AA ("5"

AAL (5 i" ) (,,5 )(AAJ. AAS +AAlo + AAlz + AAH )

(I1-166)
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the definitions of AA1 through AA20 were given previously in Equation

(II-161) and
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(I1-168)

To obtain the solutions of the third order equations for both
the standing and travelling-wave motion, the dependent variables which
appear in the problem are assumed to have eigenfunction expansions similar
to either the one given in Equation (II-156) (for 15(3)) in the case of
standing-wave motion or Equation (II-165) (for ,I$3)) in the case of
travelling-wave motion. Following the same procedure as in the second
order analysis, the series expansions of the dependent variables as well
as the inhomogeneous parts of these equations are then substituted into
Equations (II-45) through (II-SO).# Separating variables in the resulting
expressions and grouping together the coefficients of the various eigen-
functions result in an infinite number of systems of ordinary differential
equations whose solutions describe the third order motion. The solutions
of each of these systems, which can be obtained independently of the
other systems, describes the axial dependence of a particular set of co-
efficients, of a given eigenfunction, which appear in the series expansion
of the third order unknowns. Since the derivation and solution of the
third order equations are, in principle, identical to the derivation and

solution of the second order equation, they will not be given here.

Some Modifications of the Higher Ordexr Solutions

In this section the possibility of the appearance of an eigen-
function with the same transverse and time dependence as the first order

solution in the series expansion of the second and third order solutions

(3

will be investigated. The presence of I(m v.h) in the eigenfunction
3 3

(3)

expansion of I (see Equation II-156) has resulted in the appearance of

#

Although not given here explicitly, the expansion of the inhomogeneous
parts of these equaticns can be obtained by using the same procedures

as used in the expansion of Ig3) or I$3) .
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such a component in the third order solution. For convenience in the

analysis it will be assumed that the expansion of I(Z) contains a
similar component (i.e., Igi)v h) ) which at the conclusion of this

study will be taken to be identically zero. Examination of Equations
(II-36) through (II-41) reveals that the inhomogeneous parts of these
equations contain additional components (which are inside the summation

sign) which have not yet been considered in the analysis and which have
(2) (3)

and I .
(m’v’h) (m,v’h)
Because of the importance of the solutions (which result from the pre-

the same transverse and time dependence as I

sence of these expressions in the inhomogeneous part of the higher order
equations) in the determination of the stability limits of finite ampli-
tude waves inside combustion chambers of liquid propellant rocket engines,
their analysis is given a special consideration. Repeating the analysis
of the previous sections (which provided us with the solutions of the
second and third order equations) and including in it the terms appearing

inside the summation signs present in the inhomogeneous parts of Equations

~ 1)

(I1-37) through (II-41) and use of the relation 4?:'==t5°. yield the
following partial differential Equation for ng)v QO (G =2, 3):

F g (Finy) = -] (57 £ FE) )

(1I-169)

(F(J) ) represents the left-hand-side of Equation (II-61)

? -
1) | dg* = W . )
H =f 2 ﬁ 5 0P + F (11-170)
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and SEJ) h) is the additional component of S(j) that resulted from

the inc1u51on of the terms inside the summation sign in the solution of

Equation (II-40).

That is,
\ ?
— () (m) " ] () dé’
— S " *) 2
S - £ —2 plim) 9? - S (oiwl&)i -2
(m) %, b) ¢ & > &
In Equation (II-169) k=1 when j =2 and k = 2 vwhen
j = 3 . The last statement holds because, as will be shown 1ater,qu

is identically zero. By use of the method of separation of variables
Equation (II-169) can be readily reduced from a partial differential
equation into an ordinary differential equation whose solution will be
discussed in a later section.

When the flow under consideration is irrotational the following

results are available from previous analysis:

S(l) §(j)

= 0 for all (F

a - FD for a11 P

2 (1) _

1

F(l) for all CP
(II-171)

Substitution of these relations into Equation (II-169) and use

of Equations (II-46a) and (II-50) for j =1 give:

.

1]}

)( ({J) ):' : u:)(c K- C —z‘l(_) - "’Fm)-f- tp) @Jo) @Mﬁu

(w1 h)

(11-172)
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(i) . w  ®,) v) )
wWhen the assumed form of F(m,y,h) (i.e. Un,»)h) é(’w, LP‘“)

and the known solutions of %(1) and F(l) are substituted into

Equation (II-173) the latter is reduced after separation of variables

to the following ordinary differential equation:

N

(J) ' W/ i i =2 o
(n wh) ( é(m,y,h)) 2L R+ ze ;T.F é ) I )

(w,¥,h)

(I1-173)

where (m,¥,h) ( (m, v, h)) is defined in Equation (II-93).

In conclusion we see that each one of the higher order solutions
contains one component which is proportional to the eigenfunction of the
first order solution. Combining all the differential equations which
describe the behavior of these components, in the case of irrotational#

flow, yields the following result:

2 4%) 3)
(e é E é(m,r;lo) + Es émy,h))

C”\,Vh)

= e"(-iw‘"(lé"ﬂ"’ + : ‘i;'géw) + I::,,,,,)

@)

+€3 (_‘:ww(l&"-kl“ + %— é ) + I(n’“.) ) (11_174)##

# This case is given special consideration since it will be
considered in detail in the analysis of Chapter IV.
i (1)

Since W will be shown to be identically zero, terms proportional
to it have not been included in the third order portion of the
inhomogeneous part of this equation.
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The solution of Equation (II-174), which will be discussed
in Chapter IV, plays an important role in the determination of the
relationship between the eigenvalue perturbations. The latter will be
used in the determination of the stability criterion of finite amplitude

irrotational pressure waves.

Derivation of the Admittance Relations

In the previous sections the solution of the equations which
describe the motion of finite-amplitude waves inside the converging
section of a nozzle, operating in the supercritical range, was discussed
in detail. 1In this analysis the dependent variables were expanded in
powers of ¢ and the solution of the equations which describe the
behavior of coefficients of these series were obtained in consecutive
order. While first order equations could be solved by a straightforward
application of the method of separation of variables, then in the solutioms
of the higher-order equations this method could be applied only after the
dependent variables had been expanded in terms of the appropriate eigen-
functions. In both cases, application of the method of separation of

variables led to(}?e derivation of the following ordinary differential

equation for é“"‘w)%):
~2 -2 =2yd* é"’” 7 (2chmw™+ L dit )l 29
% (C —%' );}5 (kn,nt’.s) —% (l‘ mw —g"ﬁ )J‘F é‘ﬁ—-."";v

2
+(4e mtw®" —

0_4 -
Q)
vll‘
o~
R~
a—
I
|
i
“v)
oD,y
o)
~N
N—
1o
¥
-3
;5
Il

@ o @ @ 0
a” T + C +
kmnsg) == € (e, 0,5 H(kwmm )=y (|, n§) N (b, wv,g)

(II-175)



- 92 - .

(i) (1)
(am,v,q) 2™ LG, v, 9)
entropy and vorticity at the nozzle throat respectively. The quantities
(i) (i) (i)

I I and I

e(km,ny,q) > “v(km,ny,q) N(km,ny,q)

given order the effects of entropy, Vorticity and nonlinearity are

where OO represent the components of the

which represent in the

assumed to be known. In its present form Equation (II-175) is quite
general and can represent the behavior of the first order solution or

any of the coefficients (of a given eigenfunction) of the higher order

expansions. In first order analysis Iétim,nv,q) = 0 . When the flow
under consideration is homentropic then crfi; v, q) = 0 and if in
o . . <
s = . h
addition the flow is irrotational then Cl(km,nv,q) 0 From the

analysis of the previous section?,it can be shown that once Equation
J

(II1-175) has been solved and is known the solution for the
(km,nv, Q)
remainder of the unknowns, which have the same subscripts and superscript
as , can be easily obtained.
(km,ny,q)

For convenience in later analysis all subscripts and superscripts
will be omitted from the following analysis and Equation (II-175) will be

rewritten in the following form:

£(8)=cI,+¢I, + I,

(I1-175a)

Equation (II-175) is a second order, linear ordinary differential Equation
and its general solution is a combination of the homogeneous solution that

satisfies the homogeneous part of Equation (II-175a) i.e.,
oﬁ(éh)—

and the particular solution that satisfies Equation (II-175a). If these

(11-176)

solutions are known, the general solution of Equation (II-175a) can be

written in the following form:
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é :Cnév *rée +é~ +Cbéh+ Cséh

(I1I-177)
where éh and §_  are two independent solutions of Equation (II-176)
and & v’ §e and éN are respectively the particular solutions
that resulted from the presence of IV s Ie and IN in the inhomogeneous
part of Equation (II-175a); C2 and C3 are arbitrary constants.

Examination of the coefficients of Equation (II-175) shows

that the latter has the following singular points:

qg = 0
%
2
C-l = c = Ethroat = ((‘+1))
q = o0

(II-178)

For a supercritical nozzle with a finite area entrance, only the singularity
at the throat (where @ = 0 and q = c) is of interest to us. Assuming
that all the singularity of the solution appears in ji‘h , then the con-
dition requiring the regularity of the solution at the nozzle throat can be
expressed by requiring C3 = 0 . Consequently, the proper solution of
(I1-175a) is:

ézé = (:l Eizv + 0 ‘aQEL + éﬁéﬂ + (:L éi:k
(II-179)

Use of Equation (II-179) and substitution of Equations (II-84)
and (II-85), in the case of first order analysis, or the appropriate

. . . ) .
eigenfunction expan51ons# of the higher order variables into Equations

i# See for example Equations (II-118) through (II-123) which represent
the assumed form of the second order solutions.
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(I1-51), (II-46a), and Equations (E-2) through (E-5) of Appendix E

results in the following equations after the variables have been

separated:
d _ , d d
U—J@iy - Cla“Pé\l +a—d?ée
d
+Cz.o-@3§h
CM)

V-3,+ M c(2,4")  +o(@-f )

+Czéh

o)
P+ U +hmiw" @, ~ k= -Chim"®,  —rAmin"(E; )
——C,sziw"’éh
(ﬁm) , (bew)
g -f % d¢ = o + crf.
+ O
(II-180)
where
?l di2 /50 p) e
K= [2 %1 [ & s Ao
(II-181)#

# Note that as given here, K has the same definition as H which is
given in Equation (II-118b).
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and M 1is defined in Equation (E-5) of Appendix E. If at any point

P > anng the subsonic portion of the nozzle, U, V=W, Pand S
are known, then the above system of linear equations can be used for

the determination of Cl » O~ and 02 . From the structure of
Equations (II-180) it follows that, since there are four linear equations
and three unknowns, only three of the four quantities U , V=W , P and
S are independent of one another. 1In other words, a relation must exist
between the four quantities of any such set. This relation is obtained
from the compatibility relation of the four linear equations;# i.e., from

the vanishing of the following determinant

Tl
A8

_d
U 2‘—p§d %év %Q_S

{km) (kewy

V-8, +M (&,+%)  (&1) %,

(ko

P -+ ?1-: U+ Lniw.’éﬂ~ K —km¢ u)m év ‘m’w”{ ée" k_é: ..)’") hm'u”ih

( kew)

ot D) .,
G4, f ﬂa’-‘v‘d? 0 1, o

(II-182)
letting
A {kw) CPD
— (9') '
Z - Jco f——z (2 D‘#’
o Jev
(I1-183)

# TFor discussion of this topic see, for example, Reference 10.



- 96 -

the determinant given in Equation (II-182) can be rewritten in the

following form:

(kem)
i, d d
U i 2v (% Joe 2 7 %,
(how) ko) Ckw

V (2,44 ) -(2)(e1%) 3,

(lew)
P+3U "3, (£ ){P@‘()) of dmi®B,) - emin’
S 0 0 o)
%3 w2 -E)giege e,
(ko (s (howe)

3,- M @rt) (b)) @-t) g,

K- kmi “’miu ~Emin”Q, f‘(—é’—)(ﬁ(-ﬁmiw"’ _b',)+(f.(t)&mw" g,) - kmin"g,

~ 0 o) 0

(I1-184)
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Developing the above determinants,. dividing by fgkm) =3 b

using the definitions:

| d
//60023 iag; aa;%aék

(I1-185a)
| d
n(?)z-c—{(kmé (éx ﬁ;éh"§ha’$§x)
o h
(II-185b)

where the subscript x stands for e , v or N we obtain the following

general admittance relation

u(a;‘(g*,—; - )= km;w"’) + V(4m:w“’c“ff)
510~ p1) - S8 (S kg - £7)
= Loin® c‘f,"“q - Mmin™T, + K(E'T, ~ )
£ (15720 sy - £ )

(1I1-186)

where r'x s /l , q and ¢ are assumed to be known. The equations
that describe the behavior of these quantities and their solutions
will be discussed in the next section.

In addition to the definitions given in Equation (II-185) the

following relation

? (Kom (k" (km)

k) (Ke)
£.( = f° f?i' f -Jcmw o‘(f“m) <p/

(lln) ( zf:k-)_ 3:(1—?(‘))) | | (I1I-187)

i
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was used in the derivation of Equation (II-186). The relation given
in Equation (II-186) holds for any value of @ . In particular, it
holds at the nozzle entrance where it provides the admittance relation
for the combustion chamber flow. The admittance relation given by
Equation (II-186) is very general and can be specialized to obtain
the solutions of the first, second or third order flows. In the latter
two cases there are infinitely many such relations, one for each of the
eigenfunctions that are present in the higher-order expansions. The
summation of all of these admittance relations yields the complete
second and third order Nozzle Admittance Relations. The above admittance
relations apply to three dimensional flows.

By letting S = 0 identically the admittance relation, as
given by Equation (II-186), can be used in the solution of homentropic
flows. When the perturbed flow is irrotational, and homentropic, C1

#

as well as o= must equal zero and consequently Equations (II-180) become:

U-%d, =052,
V- é,d =, éh

- . —_ . e
P+%,LU+ ki "By — K = -C,mw "3, (11-188)
The above equations are further simplified by observing that

now the expressions for K and éklﬂ are considerably simpler.

Eliminating C from Equation (II-188) one obtains

2

U- 368y _ N-2u  _ _P+FU+ hnisBy K
T2 2., = hemid” B,

(Amiw?y + At P+/ui"u) -:./uK - imzw“’é“,{wﬂ (11-189)

# Since for irrotational flow :]'-:f =U , two of the following three

equations are dependent. Using these three equations yields two admittance
relations (i.e., Equation II-189) which can be shown to be identical.
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which represent two admittance conditions when applied to the entrance
of the nozzle. Observe that the last relation of Equation (I1I-189)
can be obtained directly from Equation (II-186) by simply letting

A

s= =Z=0.

v

In their present form Equations (II-186) through (II-189) are

still quite general. To obtain the first order transverse admittance
A d
relation we must merely let I"N , M, K, 2, §N and d‘PéN equal

zero, wherever they appear in any one of these equations. Performing
this operation results in the disappearance of the inhomogeneous parts
of the above equations and the different cases of the first order, or
linear, admittance relations are represented by a set of homogeneous
relations.

To obtain the linear nozzle admittance relation for the case
‘of purely axial oscillations the transverse components of the momentum
equation as well as Equation (E-5) which is given in Appendix E must be
eliminated from the previous analysis. In this case, the corresponding
admittance relation can be obtained from Equations (II-180) by disre-

garding the second of those equations and all of the terms which are

A

are proportional to C1 and by letting Z, K, M, D, éb N and

d
gé equal zero. Making these simplifications and following the
N €4

same procedure as the one that led to the derivation of Equation (II-186),

one obtains the following admittance relation:

-2 -2 w
+ Jewmiy™ + (' w [ - ) =0
U(%/M wiw ™) + F./M ST (Amio e 'ﬁ /u (II-190)
For one-dimensional, isentropic oscillations the above

admittance relation is replaced by

- * M(:u)“’u

P+ ?{,"U 2/“

(I1-191)
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Note that this relation has the same form as one of the
relations given in Equation (II-189). This similarity is, however,
only formal since different equations are used to calculate the
quantity /M (or éh), which appears in these relations. Contrary
to the case of transverse oscillations, in this case the second and
third order admittance relations will not be derived. The analysis
performed in this chapter was concerned with the behavior of finite
amplitude continuous waves, and in the case of one-dimensional oscil-
lations, it is most likely that the presence of nonlinear effects would
result in the appearance of shock waves and consequently the nonlinear

analysis performed in this section will not apply to this case.

Numerical Evaluations of the Solutions and of the Admittance Coefficients

In this section the differential equations controlling the
. #
behavior of M and r <

and (185b) and appear in the definitions of the coefficients of the

which are defined in Equations (II-185a)

transverse admittance relations, will be derived and the method of
obtaining their solution as well as the solution of Equation (11-175)
for @ will be discussed.

To obtain the solution of A it is more convenient to trans-
form the second order linear homogeneous ordinary differential equation
for éh (i.e., Equation II-176) into a Riccati equation for /a
Using the definition of /LL and performing the suggested transformation

results in the following first order nonlinear differential equation:
d ! 2
dg M= (BM=C)~ u
(I1-192)

where A, B and C are respectively the coefficients of the second,
first and zeroeth order derivatives of @ , in Equation (II-175). Once

/(A is known, we can use its definition to obtain the solution of [ hC

# TFor convenience in analysis all variables used in this section will
be written without any superscripts and subscripts. The latter will
be included only where required for clearer understanding of the
analysis.
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4

L — a (I1-193)
| M= g, de é,.
integration with reSpect to P gives:

j A’
¢ =d@me

(I1-194)

where éh(O) has yet to be determined. Letting Qx (where x stands
for either e, v or N ) be the particular solution that satisfies

Equation (II-175a) with either Ie s Iv or IN present in its inhomo-

geneous part and using Equations (II-175a) and (II-176) gives:

qr( -')(é 1(%,) it(éx)): =X

- s (L + 2demiw®) X = - Bale
c -2 (C dap ) ‘i,z(C"‘iz) (1I-195)

where

X“ féhi_s:

| (II-196)

(1II-197)
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where, by using Equation (II-18) it can be shown that

C .
cth»t' % (11-198)
Since
&'m ﬁ@) = - oo
P> ot (11-199)
then the only way to avoid a singularity of X at the throat is to

(km)

let x((Pthroat) equal zero. Using the definitions of X and f0

and Equations (II-194) and (II-197) it can be shown that:

(1I1-200)

Once the solution of/,( is known, I_'x can in principle be
obtained from the above equation. However, in practice it is more conve-

nient to solve for l"x # by obtaining the solution for (52 - 6-12) r'x

which, as can be checked by differentiation of Equation (II-200), is

controlled by the following ordinary differential equation:

# TFor further discussion of this point see Reference 5.
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o ((c 347 (/A“ .L&m%:g » J:mus )(—z?—z

— _ Ix
- ;M-lit ‘
_ (I1-201)

If the calculation of the first order (or linear) admittance

relation was the sole objective of this work, the integration of

Equations (II-192) and (II-201) would provide us with all of the

necessary information and there would be no need to solve for &

This is not the case when it is also desired to obtain the second and

third order admittance relation whose calculation depends on the avail-

ability of the complete solution of the lower order equations. In other

)

words, the knowledge of the solution of g is necessary for the

calculation of the second order admittance relations and the knowledge

of the solutions of §f’

1 3]
and 3! is necessary for the calculation of
the third order admittance relations and so on. To obtain the complete
solution of @ it is first necessary to calculate & < Assuming that
the solutions of F'x and M are available, the solution of & x can
be cobtained by a straightforward integration of Equation (II-185a). Per-

forming this integration yields:

¢ ;
‘[ MUce)do' ?_1 o - f o) g
¢ =¢ bw-|Cf e de’

X x

©

(1I1-202)

The first term on the right hand side of the above equation
has exactly the same form as Ehh_ and since the complete solution of @

is the sum of the homogeneous and the particular solutions, this term
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can be included in the homogeneous solution and eliminated from the

definition of Qx , L.e.,

‘P_L ko 'f:,w@”)aw”
d = [CfRe 4p’

(I1-203)
In practice it may be more convenient, however, to calculate QX by
solving instead the following first order ordinary differential

‘(m)

d ~a !
dep éx /u ix =-C £ r-;

(I1-185a)
where géx(O) is taken to be identicaily zero.

Once the solutions of g for x=e , v and N are
X

available and U , P , V and S are known at a given point then the
constants C, , o~ and C, (or 2,40 ) , which appear in the definition

of & ,see Equation (II-179), can be calculated by use of any set of
three linearly independent equations, out of the four given by Equation
(I1-180). The specialization of the above discussion to the cases in
which the flow is homentropic or irrotational is trivial and will not be
given here.

All the differential equations discussed in this section are
complex and must be separated into their real and imaginary parts before
proceeding with their solution. The nature of the coefficients of these
equations precludes the possibility of obtaining their solutions analyti-
cally and numerical integration must be used instead. To obtain the
solutions of these equations, which are regular at the throat#, the inte-
gration must start at this point. To avoid the difficulties associated
with the singularity at the throat, the differential equations are used

to calculate several of the coefficients of the Taylor serles expansions

# Note that the differential equations for ‘/A as well as (Ez - az)f’x
have a singularity at the throat.
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of the regular solutions of these variables around the throat.# These
series are used to provide the initial values of the dependent variables,
which are necessary for the start of the numerical integration, at a

point sufficiently removed from the singular point.

Combustion Chamber Flow

Before leaving this chapter it may be instructive## to devote
some space to the discussion of possible application of the theory de-
rived in some of the previous sections, to the solution of the combustion
chamber flow.

In particular, the equations and the solutions derived in this
chapter could be used in analyzing the flow inside a combustion chamber
for the special case in which all of the combustion is assumed to be
concentrated inside an infinitesimally thin region. In this case, the
flow conditions on both sides of the concentrated combustion zone (or on
one side, if the concentrated combustion zone is assumed to be adjacent
to the injector face) can be described by the same set of equations that
was used in obtaining the solution of the nozzle flow. 1In analyzing the
combustion chamber flow, it is convenient to let the reference quantities
introduced in Equation (II-6) be the corresponding steady state quantities
in either one of the two flow regimes. In the case in which the combus-
tion zone is assumed to be concentrated at the injector face, this choice

of reference quantities results in the following simplifications:

(11-204)

# Since ng and (52 - iz)f"x are zero at the throat, the constant term

of their expansion in Taylor series must be zero.
HE The comments presented in this section will be found quite useful for
the understanding of some of the derivations presented in the next
chapter; and this is the main reason for the introduction of this
section here.
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which holds exactly throughout the combustion chamber. It follows

(see Reference 1) from this model of combustion that

= Mach Number = Constant

0»|¢n>

(1I-205)

Substitution of Equations (II-204) and (II-205) into Equations (II-36)
through (II-41) results in considerable simplification of these
equations which reduce, after separation of variables# to a set of
ordinary differential equations with constant coefficients. The solu-
tions of these equations, for the special case discussed above, will be
obtained in Chapter IV where the analysis of the combustion chamber

flow will be given in more detail.

# Eigenfunction expansion must still be employed in the solution
of the second and third order equationms.
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CHAPTER III

DERIVATION OF THE NONLINEAR TRANSVERSE COMBUSTION-ZONE BOUNDARY
CONDITION

Introduction

In the remainder of this thesis a detailed investigation of
the behavior of nonlinear, transverse, periodic pressure waves inside
the combustion chamber of liquid propellant rocket engines will be
presented.

In order to simplify the analysis of the problem, the existence
of a concentrated combustion zone at the injector end will be assumed.
This results in the elimination of the source terms (mass, momentum and
energy) from the equations describing the combustion chamber flow. This
useful simplification, however, is partially counteracted by the need to
replace the simple "solid wall" boundary condition (at the injector end)
by another one representing the combustion process.

The derivation of this boundary condition will be presented in
this chapter. The complete solution of the problem, which applies the
results of this chapter as well as the results of the analysis of the
nozzle flow to the determination of the nonlinear stability limits, and
to the derivation of the expressions describing the behavior of finite
amplitude pressure waves, will be presented in the following chapter.

Theoretical models, based on the existence of a concentrated
combustion zone located at an arbitrary location of the combustion
chamber, have been previously used in various studies of combustion
problems. This model can be thought of as a limiting condition obtained
in a rocket engine having a long combustion chamber and employing a
particular injector design.

Croccol, employing the time-lag concept, used this model in
his studies of linear combustion instability. Sirignano4 extended
Crocco's model to apply to the nonlinear case where the amplitudes of
the pressure waves or applied disturbances are no longer small. Both
of the above-mentioned works were limited to the study of one-dimensional

wave oscillations. It is the purpose of this chapter to extend those

# Some injectors, such as the fuel-cn-oxidizer injector or splash-
plate injector, are characterizgd by high combustion efficiency

which in turn results in low L requirements.
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combustion models to apply to the study of the behavior of three-

dimensional finite-amplitude waves.

Analysis

In the present study the concentrated combustion zone is
assumed to be located in a plane immediately adjacent to the injector
face. The mathematical boundary condition representing this limiting
physical situation will be obtained by taking the limit, as the axial
distance goes to zero, of the expressions which resulted from the
application of the conservation laws to a differential volume element
in the distributed combustion case. Following Crocco1 the presence of
liquid-propellant droplets in the combustion chamber will be replaced
by a distribution of hot gas (combustion products) sources, whose be-
havior is time and space dependent:.‘e Using this approximation, the
application of the mass conservation law to a differential volume
element in cylindrical coordinates,## (see Figure 4 ) results in the

following relation:

4 raeaz)
Z\A-gaz raear + A “ArfeamAz + A(f‘r‘ﬁ ar

+ QUBNAZ) g = Q02 FasAr "
(I1I-1)

where A is a difference operator, u , v and w are respectively

the axial, radial and tangential components of velocity, f’ is the

density of the gaseous combustion products and Q 1is the rate of gas

generation per unit volume resulting from the burning of the liquid

propellants. Dividing Equation (III-1) by rA®Ar and taking the

# This model of distributed combustion neglects momentum exchange due
to droplet drag as well as energy exchange which results from the
work done during the transformation from liquid drops into hot gases.

##  Although the equations describing the combustion chamber flow will
be derived in the same coordinate system as used in the analysis of
the nozzle flow, it is more convenient to use cylindrical coordinates
in the present analysis. This will have no effect on the final results.

### The variables appearing in this chapter are non-dimensionalized with
respect to respective steady-state quantities. All the variables
used in the analysis of this chapter are non-dimensional.
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limit as AZ —» O (see Figure 5), which transforms the arbitrary
volume element into a plane at some 2 = constant, yields the following

expressions:

A(pu)= lim Qo2 | (111-2)

4z >0

where the right hand side of Equation (III-2) represents the mass gener-
ation per unit area. Equation (III-2) resulted from the particular
limiting process performed and is no longer dependent on v and w ,

the transverse velocity components. It should, however, be emphasized

that the variables appearing in (III-2) are still space (three-dimensional)
and time-dependent. The additional conditions that must be satisfied by
the flow-field variables on both sides of the concentrated combustion

zone can be obtained by carrying similar limiting processes on the momentum
(or vorticity) and energy (or entropy) equations. In the present study,
however, the flow field is assumed to be irrotational, and the above
suggested analysis of the momentum and energy equations can be replaced

by the requirements that the gases generated at the concentrated com-
bustion zone be irrotational and have constant entropy. Applying Equation
(III-2) to a plane adjacent to the injector face (& = 0) gives the
following relation

Dlpu)=L Uy~ U, = folly = pUf, = bm Qaz =1L,

az2 2o
(I11-3)

since u; = 0 at the injector face; subscripts 1 and 2 respresent
the upstream and downstream sides of the concentrated combustion zone
respectively. In Equation (III-3), Jozuz represents mass flux of hot
gases leaving the concentrated combustion zone and ﬁb = —;;E is
the burning rate per unit area.

The exact form of ﬁb will depend on the assumptions and

expressions used in the description of the combustion process. 1In the

presént study Crocco's time-lag postulate,# which was successfully

# See Reference 1 for a complete discussion of the time-lag concept.
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applied# to the study of linear combustion instability, will be
employed. According to this postulate there is a time delay, T ),
between the instant at which the liquid propellants are injected into
the combustion chamber and the instant at which they are finally con-
verted into hot combustion products. The length of this time delay is
determined by the physical conditions in the combustion chamber which
can, directly or indirectly, affect the burning rate. Oscillatory
behavior of the physical factors (i.e., pressure, temperature, etc.)
affecting the combustion process will result in a time-dependent time-
lag that will oscillate about some average value. It then follows that
propellant droplets burning at time t , were injected into the com-
bustion chamber at time t- 7(t) where T (t) (the time-lag) is the
period necessary for the '"conditioning" of the liquid propellants. If
t = 0 designates the beginning of operation of a liquid propellant
rocket motor, then the amount of propellants burned between t = 0 and

t = t was injected into the combustion chamber during the interval

t=0 to t=¢t - Z(t) . Mathematically this can be expressed as
follows:
t-Tw t
dm;(t) t‘ -— f dm,,(t') !
——dt = | o—dt
A dt d dt’ d (I1I-4)

Differentiating the above expression with respect to t yields:

dm; (t- 1) d Tt dm,(t)
e ————————— — : -

dt (- %) ot (111-5)
dmi dm
T T
rates of the liquid propellants. In studies of high frequency com-

where are respectively the injection and burning

bustion instability it is frequently assumed that the injection-rate

dm, , , . s .
i , is a constant quantity independent of the conditions in the
dt

combustion chamber (this case is also known as Intrinsic Instability).

# See for example Reference 1 for the study of longitudinal
instability and Reference 2 for studies of transverse insta-
bilities.
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Employing this assumption it follows that:

dm;(t-Tm) _ drzt) _ dm: — dim,

at ot ~ dt T Tt
(I11I-6)
Substituting Equation (III-6) into Equation (III-5) gives
dm@ _ Jdm, (1- .,lt(t))
dt dt ot (IT1-7)
(t)
which relates the burning rate TR to the temporal variations of

the time-lag. From Equation (III-7) it can be seen that the fluctuations

d
in the burning rate, —_ , are related to the fluctuations of the physical

factors in the combustggn chamber (upon which Qg%ﬁEl is dependent).
Equation (III-7) is therefore a representation of the coupling

between the combustion process and the oscillations of the physical
factors in the combustion chamber. As will be seen later, Equation
(III-7) is complex; hence the variables appearing in it must satisfy
some definite phase and amplitude requirements. The timc-lag can also
be considered as a measure of the phase between the pressure and com-
bustion oscillations. Crocco has shown that when the time-lag of the
system satisfied certain requirements (i.e., T (t)~(2n + 1) —%—- where
n=20,1,2,3 ... and T 1is the period of the pressure cscillation), the
phase is approximately zero. This is the optimum condition for linear
instability.

The boundary condition derived in this section will be used in
the investigation of the behavior of finite amplitude, periodic pressure
waves, Since the waves are periodic, each of the expressions representing
the waves generated at the concentrated combustion zone is proportional to
elmwt where m 1is some integer and @ is an amplitude-dependent
frequency. 1In this case, when t 1is the time, the period of oscillations,
T , is an unknown. As in the analysis of the nozzle flow the transformation
y = @t , where y represents a new time measure is introduced. Using
the "new'" time measure, the waves generated at the concentrated combustion

2n

zone are periodic with period equal to —— . Transforming Equation (III-7)

m
al
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into the new time scale givus:

-d-:‘tn_;-!ﬂzi‘(_?!(’—ﬂ) (III-8)

where

Y =T (111-9)

is the transformed time-lag. Combining Equations (III-9) and (III-3)

gives:
dn, dY
— —-—é — =
fu/zzo dy (/ ady 0 (I11-10)

which represents one of the boundary conditions that must be satisfied
at the injector face.

Because of the nonlinearity of the equation describing the flow
field inside the combustion chamber, a perturbation technique has been
employed in their solution. According to this technique the unknowns
appearing in the problem are assumed to have a power series expansion in
some amplitude parameter € . Since the unknowns of the problem must
satisfy Equation (III-10) above, it will be convenient to develop it in
a power series in € . Only terms up to 0( € 3) will be necessary.

Following Crocco, it is assumed that chemical reaction and
final transformation of the liquid propellants into combustion products
will take place after some entity E , which represents the necessary
amount of droplet conditioning, has been accumulated. Mathematically

E 1is defined as follows:

4 y
E = [$werdy = fody

Y- Y(ye) Y- Y(Y4,0) (111I-11)

where f(y';€ ) represents the rate of accumulation of E , and the super-

# Solutions of the combustion chamber flow up to third order only,
are necessary for the determination of the second-order eigenvalue
perturbations which yield the nonlinear stability limit.
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posed bar indicates a steady-state quantity. From Equation (III-11) it
can be seen that the magnitude of Y(y',€) depends on the nature of
f(y',€) . For instance, if for y - Y4€y'<2y , £(y',€) 1is larger
than its average value, then Y(y',e) will be lower than its average value
since a shorter time will be necessary for the accumulation of E .

The exact form of f(y,&) is not known, but it is known to depend on
the conditions (i.e., pressure, temperature, relative velocity between
the propellants and hot gases, etc.) inside the combustion chamber. It
will be convenient to continue the development with an arbitrary form of
f(y',€) .

Employing the perturbation technique, E , £, Y , W« andf

are assumed to have the following Taylor series expansions:

4 _ 1 ¥
[{tq}e)dg' = Hf(ﬂ’,e)a(y'] + ff(g;e)dg']e

Y- Yiy,e¢) ﬂ_ Nly,e) €=o0 Y-Yry,e) €=o

+i'-[léffw e)alg]é + = [ff":e)df!]éé +0(e")

-Y(4,6) “€=0 4-Y(y,6) =0

(I11-12)

f%__ = | +f(pe + £ e+ flye’+oE?)
° (IT11-13a)

where f is a steady-state, constant value of f and
fe) .

£ ;{_ (aflu, )ew
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2' = .Lf (336(9,6))6-

- L ( )
- 3
f ° i} (I11I-13b)

Yse)= Y. + Yige + Ve +Ype® + 0¥

(I1I-14a)

where

"= (Y1),

=0

Y(y)= Y+ Yty = Y,” + ?'(g): ~3;21&))

€=0
Y= X0+ i+ Yip= X7+ Yo = L{2X92)

aY( €)

() ) " ~
Y= Y Yoor Yo + Yo = Y7+ Yo = H(4e o

(III-14b)

u= ‘Z + Ue + uPer + uVe? voleh
(III-15)
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P=Ff+ L% + %* + %' +oE?

(II1-16)

Examinations of the expressions defined in Equation (III-14b) shows
that Yl(y) s Yz(y) and Y3(y) can be written as a summation of a time-
independent part and a time-dependent part. The time-independent parts of

/ these expressions are "eigenvalue" H perturbations. They represent the

correction to Ygo) which results from the presence of finite amplitude

# A clearer understanding of the notation used in Equation (III-14b) may
possibly be obtained by rewriting Equation (III-l4a) in the following
equivalent form:

Y(g,E) = XP) + Y’M‘g)e + Y,_”<¥)€z+ y’(.)(y)€,+0'(6’)

+e[Y,"’ t Yipe + Y ipe® + o(e’)]
+e"[Y,m + Yipe + 0(e*) ]

e [+ ocer ]

In this notation the superscript indicates the order of steady-state
perturbation, and the subscript the order of the time dependent
perturbation. The sum of the superscript and subscript will give the
order of each term.

1HE (i

The word eigenvalue is written in quotations since Yo (1)
(which will be introduced shortly) for j = 0,1,2,..., which appear
in the boundary condition, are not eigenvalues in a true mathematical
sense.

and n
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waves in the combustion chamber. The calculation of the values of these
Yeigenvalues" and the determination of their relationship with other
eigenvalues of the problem (i.e., frequency and interaction index) are
some of the objectives of this work.

Using Equations (III-11), (III-13a), (III-13b), (III-l4a) and
(IT1I-14b) and application of Leibnitz's Rule in order to differentiate

the integrals appearing in Equation (III-12) results in the following
relation:

4
0= [fjac“f)d&’ + Y (y) Je + [ff,(g')dyl
- y-y,”

+ £14-%) (v + ") + Y + Yy Je*
: ! . " ] 13)
+[¢£fy‘.{,&')o‘y +f1(‘J-Yo )(Y ) +Y, )+f(ﬂ Yw)(Yly)'f' Y"1)+\/o )

| A Yo ) 1)\ X 2
-z dy (Y,P(‘J""Yo”) + Y.‘("ﬁ'* Y:‘)'j) +Y, (gp_]e + 0(e) (II1-17)

In order to evaluate %5 Equation (III-17) is rewritten in the

following form:

- (Yipe +Yuge* + Y,iy€ + 0Ce*) ) = Uf.‘?"dﬁ' ]6
Y-y

+[j Ly + £y (T + X)) ] e

(0)

+[Jf(9‘)dg + £ ly- Y")(Y,('g)-f\/"’)-!-)c(‘j A )(Y(3)+Y ’)

Y\ll

_l_de Y.")
x

(Y(%}) Jé + O (€') (111-18)

Successive substitution of the left side of Equation (III-18)

into its right-hand side results in an explicit expression for Y(y) :
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-Y(y) = - (fme+ \?(y)e"-n- ?(3)634'0(6“) )
[f?"“d:’ Je + [f:‘f‘:)dg + £ 4-v0)(- I}(g)dg+y ) e
4~y g

+ [f fla)olg + £, (- v (~Hls)dy +Y")
Ybl

+ £y~ y"')( ff(lj’)dﬂ-bf(‘j % )(Hl??a"i v )+ VY.”)

y th (III-lg)

- dﬁ;&;—Y.l(_ gfi(z.)dy. +Y.w) } c? . oce")

leferentlatlno the above relation with respect to y(time) gives:

A A
_dYw (ﬁ:‘?ve + —?1- + ) = (F9) - fig-vm)e

(£ag - fiy- vy - 2 Y”’(I fidy'=Y") - £04=v2) (419 -

{(q-y}")))éz’ﬁ- (:giy)— 3(;‘:1_ Y.m) — M(!{,lg'}dw_ Yoh,) - :ﬁ(ﬂ‘ Yow) (f.f'j)

alf'( -yr

- fiy-w) - )(fﬁ“fu‘! 25(4- Y“’)(jfmdg v.") y“’)

- - [Ep-fg-nm) = £04-%7) (- fig-v)

_ 1 dYy~ ¥
X

r
S e S

- fly-v, ’)))6 + 0(€e*) (I11-20)
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Substituting the power series expansions (III-15), (III-16),and
(I1I-20) of W, £ and d_fl_}g,ﬂ into Equation (III-10)and separating

the resulting equation according to powers of € gives:

(ITI-21)
f_(,(m+ fu)? - = %\_’lg_l_i) a/h; (IT1-22)

fu_’” + f"”i; - PUY - Aty dmy (I11-23)

—am+ Mo ”7a“’— @ v Vﬂf} od my.
PUTH PRy = oUW gy 5

(III-24)

The above expressions are respectively the steady-state, first,
second and third-order combustion zone boundary conditions and should be
satisfied by the corresponding combustion chamber solutions. Note that
a¥,

-—d.}]r' (3 =1, 2, 3 ) which appears in the above equation is still quite
general as the exact form of f(y,€e ) has not yet been specified.

Because of the complexity of the processes affecting it, the
precise determination of f(y,e) is presently an impossible task.

Consequently, an alternative approach must be used. Following Crocco ,
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it will be assumed that the influence of the variations of the temperature

upon the combustion process can be related to the variation of the pressure

through some interaction index, n . (The effect of the relative velocity

will not be considered in this work; for the study of this effect see

Reference 2). Consequently f(y' ) is assumed to have the following
,e

form

f(y,e ) = B(y, & )*© (rrz-25) ¥

The main justification for using this form of f(y,€ ) is its successful

application in the treatment of "linear" problems (longitudinal as well as

the transverse oscillations). The interaction index n , is the other

"eigenvalue" of the problem and is assumed to have the following power

series representation

n= n(n)+ nu)e + nu)el_‘_ n(l)e3+o(.€_q)

(11I-26)

Substitution of the power series representations of P(y,e& ) (see

Equation (II-14) ) and n(€&) into Equation (III1-25), logarithemetic differ-

entiation of the resulting expression and use of the definitions given in

Equation (III-13b) yield:

%

A

- 2 - —~2 2w~ () Wiy = 202 " 22~
f = (0" 3H)F R OG5 L))

= n“’f; i (111-27) H

= RUF T+ 03 52 4 pogp i (111-28)

(I1I-29)
{ -3 - o
+(3-n(0)_3‘- nw‘;r inﬂ’)‘sf "” _’,n‘ux‘r"w + n“)drf ”"3’
where f%(J) is defined in Equation (II-35). Substituting Equations (III-27)

through (III-29) into Equations (III-20) through (III-24) gives the particular

form, of the boundary condition, representing the concentrated combustion zone,

#
H#

Similar analysis using a more general form of f(y, € ) is given in
Reference 4.

In the following discussion a superposed "wiggle" or the subscript c.c. will
be used to denote quantities which describe the conditions inside the
combustion chamber.
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which must be satisfied by the solutions of this problem.

First Order Boundary Condition

Dividing Equation (III-22) by (III-21) and using (111-27) and
(111-20) gives:

é ) + & W)

~

_ dY.y
ay

(

nmxf;‘ (ﬁ-a)“j)__ ‘ﬁ-m(:’“\/:.)))

(111-30)
where é(l) and )2 M are defined in Equation (II-35). Equation
(I11-30) is the first order boundary condition, and it is analogous to the
boundary condition used by Crocco in his "linear" analysis of the one dim-
ensional problem. Although it is not indicated specifically, the variables
appearing in (III-30) depend on all three space dimensions as well as on
time.

The expressions for ‘é(l) , )2(1) R ﬁ'(l) , which
appears in Equation (III-30) and nc'g.l) , ‘gc_(cl) which will be
necessary for the derivations of the higher order boundary conditions are
obtainable from the solution of the first order equations, describing the
combustion chamber flow. Applying the simplification suggested in the last
section of the previous chapter, these quantities can be obtained from
Equations (I1-84) through (II-90) and Equations (1I-95a) through (II-95b).
The solutions describing the irrotational flow field can be obtained from

these equations by simply letting

~ou) A

o-"=C,=0
The above expression actually represents two additional boundary conditions
which resulted from the assumption of the irrotationality of the flow and
which replace the expressions that would have resulted from the application
of a limiting process to the momentum and energy equations (see discussion

in the beginning of this chapter).
~ -~ o (]
Substitution of the expressions for Y 1) , K(l) and Tl'“
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T"l’-(l)

~(1
into Equation (III-30) and using the relation between )(F ) and
(for the case of irrotational flow) results in the derivation of the following

boundary condition after separation of variables has been performed:

- (m) ol m
(1-3 W)Ee"- ime"$" = 0
(I11-31) #, ##

This boundary condition will be used in Chapter IV where a detailed

analysis of the combustion chamber flow will be presented.

Second Order Boundary Condition

The second and third order equations describing the wave propa-
gation in the combustion chamber are linear, inhomogeneous partial differ-
ential equations. The solution of these equations is obtained by means
of eigenfunction expansion. Using this method, the inhomogeneous parts of
the second and third order equations are expanded in Fourier-type series in
terms of the eigenfunctions satisfying the homogeneous parts of the respec-
tive equations. The application of this method results in the transformation
of the original partial differential equation into an infinite number of in-
dependent ordinary differential equations, each of which is now amenable to
a solution. The resulting solutions of the second and third order partial
differential equations are expressed as an infinite series in terms of the
appropriate eigenfunctions. Each of the terms appearing in these series
must satisfy appropriate boundary conditions (i.e., the boundary conditions
having the same transverse dependence which depends, of course, on the par-
ticular eigenfunction under consideration). Consequently similar expansion
procedures will be performed in the analysis of the higher-order boundary
conditions., As a result of the expansion procedures the higher-order
boundary conditions will be expressed as an infinite series of eigenfunctions.
Each term of this series will represent a separate boundary condition that
will have to be satisfied by the corresponding eigenfunction in the series

solution of the combustion chamber equations.

{(m
# See Equation (III-36) for definition of W™,

## To distinguish between the expressions describing the combustion chamber
flow and these describing the nozzle flow the variable 2 will replace
P (which is used in the nozzle analysis) in indicating the axial
dependence of the solutions.
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Although it was not stated explicitedly, the variables
appearing in Equations (III-1) through (III-30) are all real.# Since
the solutions of the combustion chamber flow will be obtained in com-
plex form, it will be more convenient to proceed with the derivation of
the higher order boundary conditions by use of complex variables. Con-
sequently, the second order combustion zone boundary condition will be

rewritten as a complex expression. Substituting Equations (III-27) and

dy, ()
(111-28) into (III-20) to get iy

gives, after dividing by f? :

and using the latter in (III-23)

~ (I.) | ~ ~

€7 K- nUrp (- Fy-v ) = - KU €
+ L nrf =) ( -y + 1T UYy-yy - o -TT4-%"))

#r (- P B Fug) + T

- [Ty~ Y") (ﬁ“’(j- ) + Y- )

- 20), 0y 4 . - . - /:"/( - \Aw "
-j’J}'lfzwl é”gg;ﬁ YAV, }r(77%991‘77“77})¢%7, + N )Jyo M ;g; )): )
y_ﬁnu)

FUPRY (g - T y-v") )
(I11-32)

~ (3 (1 ~ 3
where now TT(J) , )((J) and '!;(J)for j=1,2 are complex

quantities and an asterick superscript indicates the complex conjugate of

the quantity.

# With the exception of Equation (III-30) which has the same form in the
complex or real notation.
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The following relations are available from the second order

analysis of the combustion chamber flow:
E“',u; - 2 F"_Lm
- 2

.4 -~ )
ku) — G(t+ ﬁ.u)

~

(2) ~i2) ' ~
T =A-w'ZF

W
g
ag

(I11-33)

All the quantities appearing in the above equations, which are applicable
to the irrotational case, are real. Rewriting these relations in complex
notation and substituting them together with the expressions defined in

Equation (III-31) into Equation (III-32) gives:

~ (3) ~ ()

O] =z ) (8
= w5 Fo—nr (FFw - ZFy-Y))

(11I-32a)
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where
A ~ o
[P9=[4r-1-wm) p" + gy umar® - RV
, \ "y zww_
- nw( e g Pl) + l+ np)(nqo) ,)r g(lm)Plll-]@‘I (S-("”E)

[ (-2) PP " + £3* (v A= 5 RV ] @"’@"”f(:«,,h,f,%:)

v

[ U e o i s v (B L (sl )
[V(nz'( w z l'-mjuJum;
do
\7“)\7(0* d_ u;)(dg w ]% . L (S‘M“J’;)
F (L nmyowe(m)_'_ 3(",)”“’){]5“)@“),]; (Q”,,,/:::)L(gw)e my

e ¢ m) % ! n img
W " ®" [ (6l e

It is now desired to expand the right side of Equation (I11-32a)
in terms of the appropriate eigenfunctions. Using the appropriate form
of the first order solution (i.e. standing or travelling wave solution),
the boundary condition to be satisfied by both types of the second order
solutions will now be developed. Substituting the appropriate trigonom-
etric identities, and the expansions devloped in Appendix C , into
Equation (III-328 and following the same procedures as in the analysis of

the nozzle flow gives:

# See Equation (III-36) for the definitions of UJ(m), g(m) and e(m)

A
which appear in the definition of Im




-2 ,,(m) ~©) . . m,) = ®
Z {(’—%UJ )%’Zmn ) - tm,_u)’u.l( )Em.,n,,) }
lu S s

' esd

0o ,
\ 2imy @) - [7
24 { (2w, 2v,9) € * Qf’/""lz’ } Cos 16 J"" (S.(Mz’d;:)
g

0o
(33)] J.img (2) "
+ Z {Q(m,olz; e + Q(a)o,%) } J:(S(o,vd;:) (I11-34) #
‘1:9

. { ( Y ™ 4 g™ ) (P fwll™ &’ }Cos uoL(SMJg )e i

for the case of standing waves and

Y -gwT)AEY - e ™E” ]

»u,n.,,i ”‘”n"z)T (m "”"ﬁ)
.h.(mgﬂie) -
Z Z Q(am zvi) (SOVle_/:) + L, 'Z‘Q(o,o,i, J (& g4 J—V—’L) N
9=1

- w3y Cmg+ve)
+1(’:Y.wnco)em)+ n",gm)d'f’m* zwww‘ ) )j J; (th)[;,)

(2) m.)

for the case of travelling waves. Q(m Q) w J ~(2)
2’

d F
an (mz’nzﬂq)

which appear in Equation (III-34) and (III-35) have the following defiritions:

# The exact value of the indices m, . n, and q is determined by tte
expansion form of the inhomogeneous side of this expression.

g
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LU(mj) - 1- @ g(mj)
(m,) (m,)
] = 1
g = 1-7 (111-36) '
. (o)
e(mj) ) e-lijo
~ (2) in} c Cm,tg
("‘m&%’s.. mmigo C /0 Jn,/ (S‘""%’J;/ ) e (for standing waves)
and (I11-37a)
~ Q) ~ @ ((n) O +mY)

(m,, Nyl = é"“;,mﬂ,ﬂ.r e J ( (MBg)J;: ) (111-37b)

(for travelling waves)

Both of the above expressions represent typical eigenfunctions which satisfy

the second order equations.

s (am) | A2 - (am) A oy~
a() —':('L,;(X"l"lu )P”"' #_%zm "u"'b-i‘R“u'”
(J.n,w,g)
(III-38)

| » {am)

v - ~ “"9‘ () . 0%
N A a4 X T (AN e Asgy + 7 V"GN (Bungy=V'C

{‘-F‘) ~ ‘,)1

th of) (H (J— 1=

-2 (lhl)..,' M Py §
+ ‘:'_? m ul’l_i.ﬂuul)—_n”tlzllmglﬂ)P“,

l&h)

» 1_ ~0x, 3
7'4.' )(n l)( 3 )."'Z Y + I[-'il-,,v )% m( W(B(O,v +V2.C(o,’))

(I11-39)

# W is a Hebrew letter pronounced "shin".

wp)
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..( Llra. YBPUBY ﬂ Zogmt Lgnge )J_ ,3)1- ;é’-; ‘\;v&"',*z-(B(,,,v—wCMZ))
ITT-40
@;tzﬁf T T
5 PP (B V') -
and
= :Ll'fi r”)' = %i (111-42)

Since in the combustion chamber r, =‘fr= 1 . Finally, substituting

Equation (III-37a) into (III-34), (III-37b) into (III-35) and separating
variables results in the following forms of the boundary condition that
must be satisfied by each of the terms appearing in the series solution

of the second order equations:

_.J. () ~ "" z 74 @)
l.m w =
(=37 W ) Az Fm, n.vv U éf"'»"w,z) Q"‘»”»"»i’ (111-43)

for the standing wave solution and

~ () 03 )
w” i =2

-2, d _
(l—% ).U );-5 é(-v.,up t éfmu,g;“ Q““*"'*‘"V

(11I-44)

for the travelling wave solution,

The subscripts (mz,nz,q) take on the same values as the corre-

sponding subscripts appearing in the second order solution of the combustion

chamber equations.
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Third Order Boundary Condition

The derivation of the third-order boundary condition will

follow a procedure similar to the one used in the derivation of the

dY, (y)
dy
Equations (III-27), (I1I-28), (III-29) and (III-20) and using it in
(I11I-24) gives:

second-order boundary condition. Evaluating -

by use of

~ (3) ~n <) ) ~ ) ~

! 3) ~ (1 ~ 0 ~ 03 ~
S+ KT KB Nz A, (T Ty - Ty - )
=0l = o > ) ~ : =
+ A, (Tly = [ty-Y) + % ({lp - Ty-Y5) + 00 (T

~ )

- Ty~ Y)) = [ (A, =2 + noe -

~ Y
3.3 3”‘() -Y,“’) ~u od :(,2 © ~, el
+ N7 —-532——- ﬂ"t’q')ay' - i (’3—\’.')](11'(’3) - lT(’g-Y.m))
Q“YO’)
oy - Y o By- Y& 27y ~Ya3 ?
———-—-——-——:—- (2 = (o Yy g > )
- [(A3 2y + % 2y ) "y - n®¢? 2y ]fms"aﬂ'
4=y,

- Y
gnu)( ..—Y:"') ~ind ~ ~ o ~ ,t
-1 ——3-;'-————f(A, gy + nwslily)ay' — nr T - Y.y (ATl
Q'Ynm

~ 2 iy ~
+ oy %) = A, Ty -y = o %y - ve))

o) Q;ﬁ.m(‘ﬂ"Y.”) 3~‘ 2 -‘i’.rt') Y
':1'. ney Th (!ﬂ'“(ff‘) ?3') + W7 D"—'ﬁ“‘"‘"‘;g X ) Y,w
J

- Y’w

A
I (8 (I1I-45)
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where
yd 2 peypd
A, =nY - F VY
T R P i 3
4 =g-zh" + g h (III-46)
= Lporom >
A, = N7 (n"=1)¥
By use of the second-order analysis of the combustion chamber
flow, it will be shown that w(l) = n(l) = Yc(,l) = 0 ., Consequently

the terms proportional to these quantities are missing from Equation (I1I-45)

Using the relations between 'f(3) ﬁ’(B), ’2(3) and F(3) Equation

(II1-45) can be rewritten in the following form:

# The following relations are available from the analysis of the combusticn
chamber flow (for the case of irrotational flow):

~3) _ 9 _ =(3)
€ - F

g - 84
=) _ 20) 29 (1) _ 0 2 36) =2 9 ~(3;
i - 8 -w® 5 F AN
where
"’cs) ~

(J,“'"I) ;'(J' l))?ax (‘, l) kpr’ )C”)Z w iz?(,, ?u:

S apgy e Ny, - 3R

and

~ ~ ~ 3 w3
6-(”33“(”‘” _.d/n—w (U__:';_k()_'_kl)%

All the variables appearing in the above expressions are real. For tha
expansion form of the second order solutions see Appendix B or the

second order analysis of the nozzle flow which was presented in the
previous chapter.
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a* N ) w2

-3V FY - w” HF+ e (BFD - 3 FG-)

Ev) = - U W GE”

), o 2 £
+ 17wy (35 Filp - 35 2

2d

“A” + n (A(tsé) - fly-¥") - w"’(%’g Fly)

2 Flvn) - RUET- R8I0

(III-47)

Equation (ITI-47) must now be rewritten in complex form and then
expanded in terms of the appropriate eigenfunctions. With the exception
of ?(3), which is the inhomogeneous part of Equation (III-45), the trans-
formation into complex variables and the expansion of the terms appearing
in the inhomogeneous part of Equation (B-47) is quite straightforward
(see Appendices A and B for illustrations of the methods used in the
manipulation of these terms) and will not be given here. In the following

24(3)

section the terms appearing in I will be rewritten in complex notation.

In what follows, let

[=]

3.3
a, = n® §a,- n'”y (111-48)

a(y) - a(y-Yéo)) where a 1is an arbitrary quantity

1
5(¥-1)

>
v
I
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Then we get, using the relations between ﬁ'u) and )‘2(2) R ﬁ'u)

and éz(l) :
A’(ﬁ,m ﬁ'_wJ — A, [3,__ 9'(‘:un)( )Zm_'_ )Zn*) ] . A'Asr"— (3{3”) %{"-‘:342"32")3(.))

(111-49) '

ALRT]= 4 A (R + 38R

(111-50)

..A ]ng Yo )[_—]T J —-.Tlf #( w3 (am) (...) +(lg(m)+damym’)}2”¥*)
(111-51;

-y R[] 2 - ne [ v (R e R

+I‘LA5 (;Zm (-L"') (m) + (’lﬁm)_‘_e 5(-\)) )6,,, X,,,*-

(III-52)

nmd’ TT(g Y.” ) Jn’w)aj)[""’-] nma {)’Zw:‘gmjwp

{my) ¥

— 6 g"’""z' ~ %u)*

(I11-54)

# The product appearing inside the square brackets should be evaluated
following the procedure outlined in Appendix B . The resulting

(o)
[o]

expression should then be evaluated at y and y -Y and the

operation indicated by the square brackets, see Equation (III-48),
should be performed.
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= (A8 = 1) 2Ty - V) ( % Ty -Y®) ) f g9 0" =
- v

(Am) () ¥ (.)l ~ u)*)

L= Ane) (67797 K- ¢
(I11I-55)

_ >, ~, () wl ) kL ( (am) ~u)
¢ [rg -Y.) jﬂ 3 911 - Ny {E (m,al,i)

0!0,1) )(yug(n) xmg(m) + 4 A (g(.w) {(m) w,,, un) "")*"""{%m )}

(I1I-56)
-A, n"’d’ fi'ty- Y“’)JTI’ Yy ay'= — ANy q(:.em?“ )}(," (2c"v- 1" g )9("’1""’)
4-v."
(111-57)

(n.)J)J’ 3 nw(g Y(ﬂ))J n- (5)93 — n\o):l 2.{( { Mw (m (.;Z‘-JE(M)*) (Z“(( 42((::’391)
%0

4- X"
Vit -L (2™ ~12) “""’ ) ) ))
(:""J")Z) ) 2 g (%(" ang) ("/0;;) Y"

‘+A54(L M)wm~w (lc()x i jm”)‘ﬂyw )}

(r11-58) 7

# TFrom the analysis of the combustion chamber flow it can be shown that

(2) - )7 (2 )
X(O,Z,O) N (2,2,0) = 0 . This follows from the fact that
the Dini Expansions in terms of J , which appear in the inhomogeneous
parts of the second order equations, contain no constant terms.




. - 133 -

*

~Ane gy [T == e (58 e &)

(II11I-59)

-no IR 4-Y.”) [‘"'m = Yl"ltrx{ (w:el-) km em‘) Z 30“(*(

2emps)5)
~ () ™) N3 %o Qm) Wt
+ 46(""""1’) +-‘!I‘As(e( lga )%/_'_ émj J*,“ X {-) }
(111-60)
" ” ~ir) m " L ~a
-Il: n0)313 A ,(Jn(“'aj ) _!g_n(o)bx3(£( )3( ) %(}3
m)*m w) m md \~u
+((( g():,—‘zerm)( j”))(;')é)
(I11-61)
Y nwf Tf‘(ug-‘/.m) =Y ﬂ"’ em)éw (111-62)

24

t “'"’ ¢ w) ol -
an[ J - n )ng )XL (I11-63)

A
Using Expressions (III-49) through (III-63) (to evaluate 1(3)) and
to appropriate first and second order relations, then the transformation into

complex variables and the eigenfunction expansion of Equation (III-47) gives:

# Note that ¢q' is used as the index in the expansion of the third order
quantities while q (without a prime) was used in the second order

expans ion.
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- (ms) ~ (3) . A
O ST EY R L A
m,n,,g' (s, 30,4 20
= 3imy ) imy - \,':qf'
Z/ { (brn,sv,n; Se + Q(M,bﬂ,i')s € ) Ceo 3V8 -Jsv (SW'T) V’d)
Tl

) BZmJ 0 img ‘j—f }
+ (Qta»\,v,i')s € u Q(n,v,ri')s e )COO ye Iv (S(’"l') W, )

(g o B 5 o)

(I1I-64)

which must be satisfied by the standing-wave solution.

(3)
(m3,n3,q')

defined as follows:

) {1/ ) i f (M*) ~“ = (”‘%)
Q :{N (FA - mP —gW A "'Z{ (Mt,")(

(3m,3v,5+) (3v, 9
» i S 1 ="

~ (2) ~ u d Z° ~ d Zu -ard Zoyed 20 “’"‘?)
R R’w AI‘\‘ - d-—é é R ’;y'z) dt @ +% (Jté )(diélll»,u’,’))m

(am,arg) ( wmav, ) (2m

The terms appearing in the above equation are

(3m) ~ ) (g |

| - N _\_ 1 (»‘1)
+ w | o z i Qtzm,zv,r) Yw (B(SU,%'J -2 Cca%') )} } "
(I11-65)

# 1In this and the following equations E )(2') describes the = dependence
’n’
of the second-order density. The subscripts (m,n,q) indicate the trans-
verse dependence of the particular term (i.e., eigenfunction).
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Q‘(':,,mvs = { N :::.)r) ( "4 AL - —'% (A+ 3 A0™)) R7R""
Z{ ::;)(‘f is ‘c‘:n,w,i)k’w + J‘FAI(, &'/m (ﬁ'z’, Ja%g)
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C(j’q) s C(j’q) and N(V’y) (for j =0, 2 ) are defined in Appendix C.

(3v,q") ,q") (y,aq")




- 139 -

The corresponding third-order boundary condition to be

satisfied by the travelling wave solution is:
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{3m)
" (1T1-84)

- I _ |
A:c - Ab 43 A? 16 A,l“
After separation of variables, each of the third-order eigen-

2(3)

function coefficients which appear in the eigenfunction expasion of F

will have to satisfy a boundary condition of the following form:

(&)

2, 0m)y ‘°’ (")
_ d - im ™ &
(1-9"4 )iz é(m,, W) ’ ou i~ R (r11-85) 7

When the third-order harmonic with subscripts (m3,n3,q ) = (1,1,1)
is analyzed, the following expression should be added to the inhomogeneous
part of Equation (III-85):

( (n* Y"’((MX nu){?ln)) R ; m mém
(111-86)

The analysis presented in this chapter shows that one of the

harmonics in the series expansion of each of the higher order boundary conditions
Combining

is proportional to the eigenfunction in first-order solution
these higher-order harmonics with the first-order boundary condition yields

R7(ed"+ €8, +€ B0,y )= Elioweem e my=) ik

Hw W3 j + € /Q:’:m (Y + n29 " )"

m 20
wm:l// é !/

S were omitted from Equation (III-83) as the same

# The subscripts T or
form of boundary condition should be satisfied by the travelling as

well as standing wave solutions.
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where
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™)

(111-88)

is a linear operator. As will be seen in a later chapter Equation (I1I-87)
will be a key factor in the determination of the relationship between the
eigenvalues of the problem.

When one dimensional oscillations are analyzed, the appropriate
combustion zone boundary conditions are given directly by Expressions (III-30),
(111-32) and (III-45) which are respectively the first, second and third
order boundary conditions. In that case, eigenfunction expansions are not
necessary. Using the proper transformation these expressions can be shown
to be identical to the boundary conditions derived by Sirignano in his study
of nonlinear longitudinal instability.

The limiting process used in the derivation of Equation (III-3) 1led
to a nonlinear transverse boundary condition which is locally equivalent to
the one-dimensional nonlinear boundary conditionm.

In conclusion, the boundary conditions derived in this section
represent the interaction between the combustion processes and the fluid
mechanical processes and can be applied to the study of the behavior and

stability of three-dimensional, finite-amplitude, periodic pressure waves.
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CHAPTER 1V,

ANALYSIS OF COMBUSTION CHAMBER FLOW

Introduction

In this chapter the solutions of the equations describing the be-
havior of finite-amplitude, three-dimensional, periodic pressure-waves, that
frequently occur in the combustion chamber of liquid-propellant rocket en-
gines, will be obtained., As has already been noted, a specific combustion
model assuming the existence of a concentrated combustion zone at the injec-
tor-face# will be considered. Assuming that there is no interaction between
the oscillations inside the combustion chamber and the feed-system, the motor
under consideration consists of an infinitesimally thin combustion zone lo-
cated at the injector-end of a cylindrical combustion chamber which connects
to a converging-diverging nozzle (see Figure 6).

During steady operation hot combustion products, which are gener-
ated inside the concentrated combustion zone, pass through the combustion
chamber at constant speed and then enter the nozzle where they are acceler-
ated to supersonic speeds before leaving the engine. However, the operating
conditions inside the rocket engine may be unstable to a small disturbance,
in the case of linearly unstable system, or to the sudden introduction of a
finite-amplitude disturbance. 1In this situation the flow conditions inside
the engine are characterized by a pattern of three-dimensional waves that
are super-imposed upon the steady flow., Unsteady operation is also charac-
terized by an oscillatory combustion process which, under proper feedback
conditions, can provide the necessary amount of energy which is needed, for
maintaining the wave-motion inside the engine. The understanding of this
feedback mechanism (or mechanisms) and the structure of the wave-pattern in-
side the engine are some of the objectives of this work. In the present study
these objectives will be pursued by obtaining the solutions of the equations
describing the fully-developed wave-motion inside a cylindrical chamber and

requiring the solutions to satisfy some specified boundary-conditions repre-

# For a discussion regarding the validity of this assumption see footnote
on page 107. One could have considered instead the distributed combustion
case, However, because of the complexity of the equations describing the
nonlinear effects (i.e., the second and third order equations) and for the

sake of clarity it was decided to study the "simpler" case presented in
this chapter,
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senting the effects of the combustion process on one end and the nozzle on
the other# (see Figure 6).

In the absence of any dissipative effects (i.e., viscosity and
heat conduction), the two boundary-conditions, which are imposed at the two
ends of the combustion-chamber, are the only means of transferring energy
into or out of the system. When the amount of energy input is equal to the
amount of energy output the system is said to be neutrally stable and the
amplitudes of the oscillations taking place inside the chamber will neither
grow or decay. These oscillations will stay neutral as long as the energy
balance is not disturbed. 1In the analogous problem in acoustics, where there
is no mass generation and no steady-state through flow, the above boundary
conditions are replaced by the classical solid-wall boundary-conditions which
require the vanishing of the axial components of velocity at the two ends of
the cylindrical chamber. Consequently no energy transfer can take place
across these boundaries and the oscillations which occur inside the chamber
can continue indefinitely.

In addition to simplifying the Equations describing the combustion
chambef flow, the use of a concentrated combustion zone model would enable
us to study the effect of high Mach number, at the exit of the combustion-
chamber, upon the stability of the system as well as the stability of three-
dimensional mixed modes. None of these effects has previously been inves-
tigated analytically in the case of three-dimensional oscillations.##

It has been stated previously1 that in the case of high frequency
pressure oscillations the location of the combustion zone can have a pro-
found effect upon the stability of the system. Letting all (or most of) the
combustion take place in the vicinity of a pressure antinode of a given mode,

where the interaction between the pressure waves and the combustion process

# It was pointed out in Chapter II that in analyzing problems of this sort
it is more convenient to separate the combustion chamber from the nozzle
and obtain their solutions separately. The effect of the nozzle, upon
the combustion chamber flow, is then introduced through a specially-de-
rived boundry condition best known as Nozzle Admittance Relation, that
must be satisfied by the solutions of the equations describing the flow
conditions inside the combustion chamber.

23 Reardon2 and Scala12 have studied the stability of small amplitude trans-
verse oscillations in the distributed combustion case. The complexity
of the equations describing this phenomenon forced them, however, to limit
their investigations to flows with low Mach numbers at the combustion
chamber exit and to the analysis of the purely transverse mode of oscil-
lation only.
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is the greatest, would represent the worse possible location as far as the
stability of the combustion process is concerned. It will be shown later,
by use of the combustion zone boundary-condition, that the magnitude of the
axial component of the velocity, at the injector face, is of the order of
the local Mach number. Consequently the injector face is expected to be

(at least in the case of low Mach number flow) in the vicinity of a pressure
antinode and the specific example which is analyzed in this chapter repre-

sents a very unstable engine.#

Use of the concentrated combustion model results in the elimin-
ation of the mass, momentum and energy sources (or sinks) from the equations
describing the flow conditions inside the combustion chamber. This results
in the elimination of a well-known stabilizing effect: namely, the drag

between liquid drops and hot gases.

Because of the complicated form of the general Nozzle Admittance
Relations (in the case of finite-amplitude oscillations) and the length of
computer time necessary for the numerical computation of all the quantities
which appear in the coefficients of the general Admittance Relation, the
flow inside the combustion-chamber will be assumed to be irrotational. In
this case the hot gases leaving the combustion zone must be irrotational
and have constant entropy (i.e., the non-steady entropy perturbations must

be zero).

We shall now proceed with the analysis of the problem. As was
explained in the last section of Chapter II, the equations describing the
nozzle flow can also be used in the present analysis and consequently no
additional equations will have to be derived. As a matter of fact the re-
striction that nozzle walls be slowly convergent that had to be imposed,
in the case of the nozzle flow, in order to use the approximation fn ~ dr
(see Equation (II-34) and the paragraph preceding it) is no longer necessary.
Since the combustion chamber walls are parallel to the axis of symmetry, the
relation §n = dr holds exactly throughout the combustion chamber and no

approximations are necessary.

Using the boundary conditions which were derived in the last two

# This condition is true for the mixed and longitudinal modes but may not
always be true for the purely transverse mode.
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chapters we shall now proceed with the determination of the eigenvalues

(which in the present problem are included in the combustion zone boundary
condition) and the solution of the equations which describe the combustion-
chamber flow. The latter will be obtained by following the same procedure

as the one used in the solution of the equations describing the nozzle flow.
In solving the equations describing the nozzle flow it is convenient to let
the initial point, @ = 0 , be at the nozzle throat, where the equations

are singular, and then proceed with the numerical integration in the direction
of the combustion-chamber ( ¢ is taken to be negative in this direction).
In the present analysis the initial point is chosen to coincide with the in-
jector face where all of the combustion is assumed to take place. 1In order
to distinguish between the equations describing the nozzle flow and those
describing the combustion-chamber flow we shall let, in the latter case, the
independent variable =z replace the variable ¢ (although both have
still the same definition) in describing the axial dependence of the solution.
The points Z =0 and 2 = ige represent respectively the injector

face and the nozzle entrance.

First Order Flow

The equations and solutions describing the first-order flow in the
combustion chamber can be obtained by simply substituting Equations (II1-204)
and (II-205) (which implies fg£= 0 )into the corresponding expressions which
appear in the first-order analysis of the nozzle flow. In particular, the

substitution of these equations into Equation (II-91) and use of the relation

-~ 1=
Yw =1 % (IV-1)

give

-2 2

-~ i o Z x 2 ~{
‘Z'(C-%' )@;é -rf.zmcw' 5%@.‘ +(m‘w‘"- g(m)é"' =0

(av-2)f
Since O~ 1) and C{l) (which in this case represent respectively the

# A wiggle is used here in order to distinguish between quantities describing
the combustion chamber flow and the corresponding quantities which describe
the nozzle flow (and have no "wiggle'" mark).
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first order pertubation of the entropy and vorticity evaluated at the con-
centrated combustion zone) are identically zero under the assumption of ir-
rotationality.

It is interesting to note that to first order the combustion chamber
flow can be irrotational and still have non-zero entropy perturbation. This
result follows directly from Equations (II-66) and (II-67) which give the ex-
pressions for the transverse components of the vorticity. The latter contain
terms which are proportional to the product of the entropy perturbation and
the gradient of steady-state velocity distribution (i.e., %g ) which is taken
to be identically zero in our particular example.

Equation (IV-2) is a second order, homogeneous ordinary differential
equation with constant coefficients whose solution must satisfy the following

first-order boundary conditions

~ )

( | — %—Lm(w)% élu- ‘:wm)‘.,wm)é -5
(Iv-3)

at the injector face (where s = 0) and

0

onsnp—
——

U
v(l)

Y

at the nozzle entrance (where s = se). These boundary conditions were de-
rived in the previous chapters. Using Equations (II-95a) and (II-95b)

Equation (IV-4) can be rewritten in the following equivalent form:

d 3" - p 3" =0

(IV-4a)

# A more general form of this boundary condition (which also applies to
higher order flows) is given in Equation (II-189). 1In first order an-
alysis the quantity ) is identically zero. The quantity A de-~
pends on the particular nozzle under consideration and can be obtained
from the numerical integration of Equation (II-192).

##  For definition of /iz see Equation (IV-9a).
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As can be verified by direct substitution, the solution of

Equation (IV-2) can be written in the following form

r’z
) 2
+ (¢

r"2

~ 0)

w
= C)_ e

(Iv-5)
where Cgl) and Cgl) are some arbitrary complex constants and
ISINSL
. ) —at mw
pe = e o Sum| 1= § -(5a)
L2 I-g* — - _ =2
’ % g(1-3%)
(Iv-6)
Letting
tw) 2 ™ (™)
— — — ®) () ~ -
C = I3l =0 (Y wg.)
(Iv-7)
and substituting Equation (IV-5) into Equation (IV-3) gives
U . .) = =) (L
C“ _ Lw‘mﬂl - a r,
[ ) o U) . (m)
C‘, d‘ rl' - me‘.)lu
(1v-8)

Assuming that /AZ is known, the substitution of Equation (IV-5) into
Equation (IV-4a) gives:

———— -—

o _ = (K-r")g
Co =LA ¢ =W
c. wm-—0hL

(Iv-9)
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where

ToTu = (P L )*
/0:-5/«(— A threat ""%‘? M

(1v-9a)’

Equating Equations (IV-8) and (IV-9) and using Equations (III-36),
and (IV-7) gives

zw (’)z\.b)

(- e ) = |- HwSE, )

(1v-10)
where
1) '
-wr' + 5
(mw® + (z_zr,"'+ W(imw‘°’+?_‘ r’)
(1Iv-11)

In its given form Equation (IV-10), which is also known as the
characteristic equation, exhibits the energy balance which exists at the
stability limits (to first order or for linear analysis). The energy sup-
plied by the combustion process, which is represented by the left-hand
side of Equation (IV-10) must be absorbed by the fluid mechanical processes
which take place inside the combustion chamber and the nozzle and which are
represented by the right-hand side of Equation (IV-10). The fact that

Equation (IV-10) is complex implies that there is a phase condition, as well

i In this equation J 1is a proportionality constant that must be intro-
duced to compensate for the fact that the nondimensionalization scheme
used in the solution of the combustion chamber flow is different from
the one used in the soltuion of the nozzle flow.
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as an amplitude condition relating the rates of energy release and energy
absorption for neutral oscillations.
Separation of Equation (IV-10) into its real and imaginary parts

gives:

¢ (|- o w"e") = |- H,

(Iv-12a)
(CH y (o) yr-B) —_—
Ny $n wI, - H,:
(IV-12b)
Considering w @) as a parameter, we can solve the above
equations for n(o) and Z;"” ; getting:
2 2
nb)(wl.)) - (H"-‘) + H(.
L ( ‘"Hr)x
(IV-13a)
1) | -1 H:
oy __ . LA
ir: (U) - CL“” 500\' (( n?ur )
(Iv-13b)
where UJ‘“ :” is determined modulo 2T . From Equation (IV-13a)

it can be seen that (1-Hr)>'0 is a necessary condition for a physically
realizable system which requires n(0)> 0 . Once /LL s q SLV %) and
W ” are known, n(o) and T.", can be determined from Equatio’ns (Iv-13a,b).
Using these equations and letting w ¥ vary yields a plot of np( Ld‘”) vs.

T,m ( w"’) which divides the ‘n,’t’w plane into stable and unstable

regions while the curve itself represents the locus of neutral oscillations .
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(See for example Figure 13). This curve which is parabolic in shape con-
tains two values of t:” (each of which occurs, however, at a different
frequency) for each value of n(o) . These values of Z',m, which can be
related to the frequency of the system, represent upper and lower frequency
limits above and below which the system operation is stable, Obtaining

this plot was the primary objective of most of the early works (see for ex-
ample References 2 and 12) that were limited to the study of linear combus-
tion instability. In these cases if, for a given engine, some average values
of its time-lag and interaction index were known, then using such stability

plots it would have been possible to determine whether the engine is linearly

stable or unstable to a small disturbance of a particular frequency.

In the present study where finite-amplitude waves are being con-
sidered, the solution of the first-order equations represents the first-term
only of the asymptotic series which approximates the solution of the problem.
oD

Assuming that has been "absorbed' by € , then the first

order solution can be written in the following form:

-e(e +wei)

ed

(1V-14)

where W is determined in Equation (IV-9).
Substitution of O (as given in Equation (IV-14) ) into

Equations (II-95a) through (II-95d) yields the following expressions
‘ by 0]

e ow hL'E w Rz
e("=e(r’e' "+ Wrie )

(Iv-15a)
B e (R i E") 2me ((ima g
+((mwm+ )w_ r";
% € ) (IV-15b)

~ 1)

éRm =¢cP (IV-15c)

# This statement holds for a given N® .
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and

~r s ~ (l)

v )= é _ \;:/(.,

(Iv-154d)

which respectively describe the axial dependence of the first order solu-
tions for the axial component of the velocity, pressure, density and the
transverse components of the velocity.

To obtain the complete solutions of the first order equations the
above expressions must be substituted into Equation (1I1-84).

In order to proceed with the solution of the higher order equatioms,
the complete solution of the first order nozzle flow will be necessary. The
quantity ML which was necessary for the calculation of W can be ob-
tained by numerical integration of Equation (II~192) which starts at the nozzle
throat and proceeds in the direction of the combustion chamber. Once /AL is
available, the first-order soltuion of the nozzle flow 2an be obtained from
Equation (II~194). Since in reality the combustion chamber continuously and
smoothly transforms itself into a nozzle, the solution EE‘O is expected to
be continuous across the nozzle entrance. Consequently cquating Equations
(Iv=14) and (II-194) gives:

\C
o Junde r'z, 02,
éh(o) e = ( e + We ) J

(v-16)"

Separating Equation (IV-16) into its real and imaginary parts re-
sults in two real equations which can be used in the determination of the real
and imaginary parts of 3&:;(0) . Once EE?’ is knet v throughout the
combustion-chamber and the subsonic portion of the nozzle, wc can proceed with
the solution of the higher order equations.

Using the method of separation of variables the solution of the first-

order equations describing the travelling-wave motion, ins:.de the combustion

# In the actual calculations the value of @ is determined by the Mach
number which, at this point, must equal the local Mach number of the com
bustion chamber flow. See Equation (IV-9a) for definiticn of ¥
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chamber and the nozzle, can be obtained in exactly the same manner as the
solution of the equtions describing the standing wave motion. Since both
cases yield identical results, the analysis of the equations describing
the travelling wave motion will not be given here. The complete first-
order solutions, which describe the travelling-wave motion (which can ro~-
tate either in the clockwise or counter clockwise directions, can be ob-
tained by substituting Equations (IV-15a) through (IV-15d) into Equations
(11I-84) through (II-87).

Higher-Order Effects in the Combustion Chamber Flow

To study the behavior of finite amplitude waves, the expressions
representing the coefficients of the higher powers of € . in the asymp-
totic representation of the dependent variables and the eigenvalues, which
are given in Equations (II-14) and (III-26), must be determined. A calcu~
lation of a sufficient number of these coefficients is expected to provide
us with an approximate description of the pressure wave form and the expres-
sions representing the eigenvalue perturbations. The relationship between
the eigenvalue perturbations is expected to predict where in the vicinity
of the neutral stability curve (which has been determined in the first-order
analysis) in an u vs. T™ plot finite amplitude oscillations (which may
be stable or unstable) can occur. The amplitude of these oscillations is
expected to depend on the normal distance between the location of the oscil-
lations and the neutral stability curve; and to increase with this distance.

In the limit as this distance goes to zero, the location of these
oscillations(which will then have an inifinitesimal amplitude) will coincide
with one of the points along the neutral curve.#

The next step in the analysis will be the solution of the second
order equations. Substitution of Equations (II-204) and (II-205) into
Equations (II-36) through (II-41) (for j=2) and use of the appropriate form
of the first-order solutions (i.e., standing or travelling-wave solutions)
give the proper form of the second order equations describing the combustion
chamber flow, As in the case of the nozzle flow these equations are not sep-
arable and the method of eigenfunction expansion must be used in their sol-

ution. Applying this method of solution to the set of equations which resulted

# See Appendix A of Reference 4 for a mechanical analogy of this phenom-
enon,
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from the above simplifications and following the same procedure as in the
solution of the second order nozzle flow lead to the derivation of the fol-
lowing 1nhomogeneous ordinary differential equation for each of the coeffi-

2(2),

cients ék(hm”,%) which appear in the eigenfunction expansion of F :

~ () ~(2)

_.z( [ - ?r) é (lm, s, g - l‘.‘*m“w;ré(k-"
s (L) T®
+({ m (A) S(,,,I%) ) é(kw""z’ = I((::.n"@’

——

In the case of standing wave motion there are four equations of
the above form for each value of the summation index q which is used in
the eigenfunction expansion (see for example the expansions given in Equa-
tions (II-108) through (II-123) ). The only exception to the above state~

ment is the case q = 0 where there are only two such ordinary differential

()
equations and 3§1kﬁ"’3) only for n =0 ,##

the subscripts (km,nV ,q) can be equal to any one of the following four com
binations: (2m,2V ,q), (2m,0,q), (0,2V,q) and (0,0,q) . When the flow under

consideration is irrotational the inhomogeneous part of Equation (IV-17) which

For all other values of ¢

corresponds to each of the above combination of subscripts can be expressed in

# 1In its given form this equation describes both the standing and travelling
wave motion., The particular case being considered is determined by the

120

(km,ny,q) °

## This is due to the fact that Dini-Expansions in terms of J_  (which appear
in the inhomogeneous part of the second order equations) ar€ the only ones
which have a constant term which corresponds to the first root (which is

form of I

zero) of the equation '%;Jo (x) = 0 , present in their expansions,
7(2)

### Note that in the case of longitudinal oscillations I,,’(®) . contains
\Km,ny,q)

terms which are solutions of the homogeneous part of this equation. The
analysis of this problem will result in the appearance of secular solutions.
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the following form:

ol 8] | ~ . ~
Lo =3 (Aup N+ 4, (Buy =) 1)

(J.m,).)%)
(1v=-18a)
T | v I § ~
= = + -
(amo,4) yy (A(olr N Y, (B“’/‘P + V C‘,‘,‘,) f-] )
(IV=-18b)
~ {2) |
-— ad ' ~
(0, 2)§) -1 (A“E‘i’ L+ Yo (B(a.hp —V C(mp) —T)
(1IV=-18c)
T | | ~
I(o,o,;) = I(A(")i,) ‘1 + —(p;, (B(O%,) + V C(,y ) _T)
(IV-18d)
where
Sl 5y ém’

/\( = 3 { kl‘l( m 40 %’zéw/) _ ? U"’ﬁ,

w u)/ . ey 2~V ~ )% | -
) - 2w 7 R -z¢

~ ~0 N,,Ir__ —_
l = J—‘:{ R’U"'R,‘ -q, + qu)Km m % U R, -% =

* i- %-'L'( Gw i Um + Uw fO()I) f (IV-20)
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(Iv~-21)

(1Iv=-22)

The above equations could also be obtained by direct substitution
of Equations (II-204) and (II-205) into Equations (II-143) through (II=147)
which are the inhomogeneous parts of the second order equations describing
the irrotational nozzle flow.

In addition to the above given expressions for igi&,nV,q) s the
inhomogeneous parts and the boundary conditions of the second order equations
contain other components which have the same spatial and time dependence as
the first order solution. The consequences of the presence of these terms,
which also include the first order eigenvalue perturbations, will be dis~
cussed in the following section.

To obtain an analytic soltuion of Equation (IV-=17), for all the
possible combinations of the subscripts (km,ny,q) , its homogeneous part
must be rewritten in a more useful form.

Substituting the definitions of )?, fl_ , 5 and T together
with the appropriate form of the first order solutions into Equations (IV-18a)

through (IV-18d) gives:

~ @ 3
I(AM w,q) Z F‘?{a-, g ﬂ;
2/ {z]
(IV-23)

~(2)

4
I(o; m';?) = Z .V;(o,uv,s) j‘.'

t={

(Iv-24)
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where n can be zero or two and

rEah.m;’%) = :%:(A'(nvlz) ;2{ + Dt,,,,z, 2; )

(1v-25)
I d =~
‘Vi.(o, ni,g) - 2 (A(“'i’li + D‘”’P I; )
(IV=26)
- | r
D“’%') - -\T}; (B“IP -+ V C(o,%_) )
_ s
'DIM;) — Tl/—w(Bm,p V C(.uzg.:)
(1Iv=-27)
4(:)24 lrl“z 'ﬁ,}
£ =2 =¢ =e¢
Vb ~ (1v-28a)
ey Sw (r'+nhz 4,2
4, = ¢, é,‘: e -
v (IV-28b)
{[ _ u(:)z. _ 2’;‘”% _ ‘ﬁzz
3 - 2 - - 62
(Iv=28c)
L 4TS (I',“'-r r* 2 §‘2.

g =8¢ =¢ =€

(IV=29a)
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(Iv=29b)
g = é?'w* s (K%Y Ga
s > =€
(IV=29c)
o Tk r‘"+ K )z §z
3 =8, ¢, = =€
(Iv=29d)

~

_ 1! . w3 . 2 ot — \
X =3 (— W™ (r-1) + 2w ¢ r’ - 3w g (-nr”

+ w0 + 3 (Fe-2) )

(IvV-30a)
v ! ) . ) ) w2
X, = 3w -t b2 + 4w ™F e - 0™ g @ r 1)
+Lw'-)—'f(‘r~‘) Ym:- rw‘ _i_"‘( ~1 . 2 (TN U] w"rm )
1’ .(. + ) %(?(k {)+ )("' ro+ r’- ! ) (IV=30b)

-y

&ziwz(’i“’ -1+ 2iw g H"’ —-30" % (e +Lw'°%(t-1)r

%(@(&-l)fl) v ) (IV-30c)
j‘ ,‘7‘:( 3 ‘K,(u) n?( )f, + W' %(.’17. )l'm)'mL

* {2 r oz . 0) ~ 2"' . - , . - -z e .
=W ,%YI r,.u _(wuq—Y = r;”“i'%v%éh”&n“’— ?Yi‘la_') [ ’:‘ ,r.r'm)

s

(Iv-31a)
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~ _I. . “,3 LI Y-y 1) * i J'+2. ) . e - TR N J
1,=1 W(wo - w“%‘ 2R ew g R w "'(.ui?:)l",_ r

. [(Y —‘I ] . (®) — 2’ 0 '?. - 1 z ] *
SR AP A A A
-4, -2 LI
-4 (% (1"”5’) ey ) (IV-31b)

o * ok -2 &2 N

1. =3 W*(L'wmz- w,.,z% = ?;' +W 9 Tr;muw %(gi:)ﬁ"rf’*

- ‘T}l(@z(;—r) -1) r;"*zr,“’

(IV=31c)
L, = s WW (w0 -0™ g 5% 0V B v g
- z - t0) wm - 2’ —

_ ©) ‘l{_ ri} _ Yy ;?._i'_‘_’ r:)i-,- %q !g‘é_rzpl :;*
N (rv-310)

7 (4 A S
g — — -2 (] . to)
)l - ’2?- (?' V, +iw®) (IV-32a)
3 — -~ -2 " ] . te

LS BW (F(r )+ 2iw™) 1vo32m)
3 - - [ =2 () o 19
;)5 - 2%’ (%' ha+ iw ) (IV-32¢)

—r‘ - i (33_:12. h(n)#_‘_ iil r‘b\ + ‘.wm) (19338
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_:i_. iW(%dlr.‘"""' i—zr’(:; 4 ‘.wm )
(IV-33b)
':t-_- %,W*(%I% r:’ ;_C} r."’ + Lw“’)
(Iv=33c)
and
—T %ww ( (') %@ m B w)
(Iv=33d)

Since the inhomogeneous part of Equation (IV=17) can be written
as a summation of exponentials, none of which is a solution of the homo-
geneous part of the equation, its solution can easily be obtained by use
of the method of undetermined coefficients (see Reference 13). Using this
method the general solution of Equation (IV=-17), which is the sum of the
homogeneous and particular solutions, for the case when (km,nv,q) =

(2m,nv,q) and n=0,2 1is found to be:

)

~ (2) ) 'l.(u-.-l,vz (2) ‘;(‘m,.w,p
e +C € * ): *;
(am, nu%) 3(1»-'»",;’ 30\n wq) i=1 “‘"""’ 3
(Iv=34)

where
~ — I:.{LM,'!V;X)

. T a2 _=2y 52 g w7 2 a, mk o™

iy G(=F) By = 20kma Vb, + &m0 = Sy (1v-35)

and when (km,nv,q) = (o,ny,q) for n = 0,2 the solution of Equation (Iv=17)

is
) (o)
7 Cm e"‘(‘.",pi_’. Cu) er'-(a,w, 2 Z" )2
= + .
(o,l'ﬁi) (e, 5> 360, = c-‘.,ml,s) 3 .

(Iv-36)
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where now

o = TG, - Sob

(1v=37)
; (2) (2)
In the above equations, r; (km,nv ,q) and r, (km,nv,q) are the

roots of the following quadratic equation

=2, =iy .2 . ~2 2 o oyt >

T-8)r" —2i4mw T’y + kmw” = S, =0

~ ra

which resulted from the substitution of Eﬁh =@ into the homogeneous

~
part of Equation (IV~17); hi and Ei are defined in Equations (IV-28a)

(2) (2)
-29d d d
through (IV=29d) and Cy lyn ny,q) * 2™ €3 (km,ny,q)

of integration that will be determined through the application of the proper

are arbitrary constants

boundary conditions at the two ends of the combustion chamber.

In the previous two chapters the second and third order boundary
conditions, describing the effects of the concentrated combustion at one end
of the combustion chamber and the nozzle at the other, were expressed as
eigenfunction expansions containing the same eigenfunctions as the corres-
ponding expansions which describe the combustion chamber flow. Consequently

. = (3
each of the coefficients, @ (i]cm,nv,q)

eigenfunctions which appear in the series solution of the higher order equa-

s, where j = 2,3,# of any one of the

tions must satisfy two boundary conditions. These conditions pertain to the
coefficients of the same eigenfunction which also appears in the series repre=-
sentation of higher order boundary conditions. In the present investigation
these boundary conditions can be obtained from Equations (III-43), (II-131),
(I1-140), (II-141), (II-189), and (IV-9a) which require that the following

relations
~(2) ~ (2)
- 1, Chm) d v " ®
— 1 —-rkvnu) = (;2
(‘ % LL‘ dz é(km,nl’,p (k"'n,'z) (kll,l\v'i,
(Iv=-38)

# 1In the present discussion, we let j = 2,3 since the same remarks also

apply to the determination of the coefficients of the third order equa~
tions.,
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and

(2 ~ (¥ g (D
-2

(k' m"},_ (h'm{‘é“‘nmﬂ)%) - o N (kh,l';’_)

(Iv=-39)

entrance (where 2 = Be) .

Letting
(k,.,d ~ ) ’ (bew) ~*
a (0 ‘ 1 (o)
— Q(kn AU (’ i’m r(’kn,ulf‘ﬂ*. (me ,'U é “otm,nﬂ )
' {1 — - . . (kw?
(lomyng, g2 r‘ (l"l& mzk 0) = hm'™ 1
H{kw,nv,g?
(1v=40a)
and
. (kn d‘"’
(2) (é mw' ,LU %
= " ) LY
l&-,",,t) ('—--‘w( ,) ——Lkm ] )m
‘(k- l%‘)
(IV-40b)

where i [S%l)(m nv,q) is the particular solution of Equation (IV-17), and
2 3
)

requiring o (km,nv,q) to satisfy the boundary conditions given in Equa-
tions (IV-38) and (IV-39) results in a set of two algebraic equations which

when solved for the constants of integration give:

u’
~L

Cu) "f [" ( /U—)Q' eA a—i‘("w-r/u,éféc)
3 Bu)e 2¢( /)4_6;2:('. "'/U')

(Iv=41a)

be respectively satisfied at the injector face (where z = 0) and the nozzle
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Clz) _—_,Am-f-C:)wa

2
(IV-41b )#

~
Once i(z) is known, the use of Equations (II-137),

(1I1-138), (II-140), (II-141), (II-129), (II-130), (II-131), (11-132),
(II1-118a,b), (II-204) and (II-205) together with the eigenfunction
expansions of § (2), n (2), 3 (2) and T (2), which are given in the
second order analysis of the nozzle flow, yield the following series

solutions for the second order variables describing the combustion

chamber flow:

(2) ‘«kma o d 3® — F
= —_— Coo V0 — )
g Z ¢ { Z A2 E(hom gy JJ'V (Sz‘%) Y

c.c. o vy
2 d A (L) - 7
t Z Az Clemyo, ) 0(5“"2’ TP:,)
" (IV-42)
) "ng = od¢3) _?_(_, L 4
nc.c - Z ¢ Z é(‘ww;’cw ly&d?’]w(sa%pﬁ)
Acee, 2 g
= s d F
! oy étk.\,o,zﬂj;@‘ ’ _\[L)
(IV-43)

Because of lack of space the subscripts (km,ny,q) have been omitted
from Equations (IV-4la) and (IV-41b),
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(Iv-44)
and
~ (2} Lhmy * ~) m
Tr = Z e { Z E“")‘;) Coo /6 JJ—.H (S(ﬂ;)d;?: )
=0, q.:(
—ogl ~ () F‘!
T L (k-,o,i_) J: (S‘.’i" TV:I) }
§=o
(Iv-45)
where
~ (2) _ /1 Mw? | =2 e | = ~pyy *
E‘".’"’.ﬁ) _~ _‘;(J— R' B ch' U )A(m;i)’_ TF%D‘""Z" é
~ (2) 1 I
- (/Lvmw "é‘m g ) ?’ él&m"%}’
(Iv-46a)
~7 (3) I _ _ v
— I | AOAW _ J_-—Z ) ~u) __'_- »
lohyi_, -T{(IR l—% U )A(vs, #QD(m;i,)é

(IV-46b)
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n =0, 2 and the subscripts c.c indicate that these expressions
describe the combustion chamber flow. It should be indicated that the
expressions given in the above series solutions are all complex and the
calculation of their real parts is necessary for the determination of
physically meaningful quantities. o

The determination of /Lﬁhfzg rﬂN(km,nV,q) which appear in
the Nozzle Admittance Relation, has been discussed in detail in the
next to the last section of Chapter II. Once these quantities are knownm,
the function gkgi;,nv’q) which describes the nozzle flow can be deter-
mined by simply matching the expressions given by Equation (II-202),
which still contains an arbitrary constant, and Equations (IV-34) or (IV-36)
(depending on the particular eigenfunction which is being considered) at
the nozzle entrance. Considering for example Equation (IV-34) and assuming

that ¢(2 and c{%)

2(2m,nv, q) 3(2m nv,q) have already been determined, then

applying this matching procedure yields the following result:

(<)
) ~ (1) I/u(lm.n',?

(0) = jé (2=2.) @

(:.m,uw'sy (a.m,u,;)

j @ e
(o\-\m's)

(IV-47)
where .; is a proportionality constant which was defined in Equation (IV-9a).

Following the same procedure as the one used in the analysis of
the nozzle flow (see discussion on pages 52-54) the equations and solutions
derived so far in this section can be readily modified to describe the
second order travelling wave-motion inside the combustion chamber. The

details of this straight forward analysis will not be given here.
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It will be shown in the next section, by solving for

i gzv,h) , that the first order eigenvalue perturbations (i.e., w(l) s
n(l) and Z}(l) or (1)) are identically zero. In an attempt to find
nonzero eigenvalue perturbations the analysis of the problem must be
extended to third order. Considering Equations (II-36) through (II-41)
(for j = 3) as well as the expressions given in the section discussing
the third order nozzle flow and repeating the procedure that led to the
derivation of Equation (IV-17) results in an identical equation for each

of the coefficients which are present in the eigenfunction expansion of
2(3)
(km,nv,q')"’

boundary conditions whose general form is identical to the form of the

In addition each of these coefficients must satisfy two

corresponding second order boundary conditions which are given in

Equations (IV-38) and (IV-39). The determination of i(3) s
(km,nv,q")
(3) (3)

N(km,nv,q") and Q(km,nv,q') requires a complete knowledge of the

second order solutions. Since the second order solutions are available in

series form, the determination of the exact form of these expressions

3)

N(km,nv,q")
(which is obtained by numerical integration of Equation (II-201) ), re-

becomes quite involved. For example the determination of

quires the complete knowledge of the behavior, throughout the nozzle,
of each one of the coefficients which appears in the second order eigen-
(2)

function expansion of F , and consequently results in a considerable

numerical effort. It has been estimated that the calculation of

(3)
N(km,ny,q")

three to four hundred equations depending on how accurately we expect our

will require the simultaneous numerical integration of

solution to be.

Sirignanoa, in his analysis of finite amplitude longitudinal
6sc111ations, has shown that the third order correction to the pressure
wave form is insignificant. 1In view of the above remarks and since it is
reasonable to assume that also in the present analysis (of three-dimensional
waves) the third order correction to the pressure wave form is negligible,
the following analysis will concentrate on the determination of the

eigenvalue perturbations.
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For each value of q' , which appears in the summation of
the third order eigenfunction expansion, the subscripts (km,n¥,q') can
take on anyone of the following combinations: (3m,3V,q') , (3m,¥,q') ,
(m,3v,q') and (m,y¥,q') . 1In particular whenever q' = h one of these
combinations is identical to the one describing the first order solution
where (km,nv,q) = (m,v,h) . The discussion of the solution of this
component, which is the only one which involves the second order eigen-

value perturbations, will be discussed in the next section.

Determination of the Eigenvalue Perturbations

Review of the analysis that led to the derivation of the higher
order Nozzle Admittance Relations and the concentrated combustion zone
boundary conditions (both of which are available as eigenfunction expansions)
shows that all the eigenvalue perturbations are included in the coefficients
of the eigenfunction which has the same time and space dependence as the
first order eigenfunction. Thus, the solution describing the behavior of
the coefficient of this eigenfunction (to all orders of the analysis)
throughout the combustion chamber and which satisfies the appropriate
boundary conditions at the two ends of the combustion chamber would yield
the correct relationship between the eigenvalue perturbations.

Using Equations (II-204) and (II-205) and repeating the analysis
which resulted in the derivation of Equation (II-174) (which applies to

the nozzle flow) yields the following result:

(w,h)

~ ) 2 ~t2) 3 ~t3)
Z (ed" +€8,  +€2,.)
€.c (mph) ot

2 . ] ~' = @)
=€ (’ 2R + T )

ALY

3 . 5 zo
~ UWwW (IV-48)
+ € ( AL + IM%) )
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is a linea rator which ati
where ic.c(m,v’h) s r operat represents the operations

(km,ny,q)

for j =2,3 are simplified forms of the analo-

which are performed on
7(3)
(Iv-17) and I(m,v,h)

gous expressions which appear in Equation (II-174). The solution of

on the left-hand-side of Equation

Equation (IV-48) can be written in the following general form

~ ~(2) ~

é - E' éh + éz( w"' éi,(m,v,n * ﬁ;,tu,uw)

3 )
‘ +
+ é (w gtn,-gm ﬁ;l-.qu

where the subscripts h and p represent respectively homogeneous and

(Iv-49)

particular solutions. As can be seen each of the second and third order

particular solutions has been divided into two parts one of which (i.e.,

~ (3

éﬁ ;i;,v,h) ) represents the particular solution which resulted from the

presence of terms proportional to u)(k) (k = 1,2) in the inhomogeneous
part of Equation (IV-49) and the other solution (i'e"di(;zm,v,h)

sents the effect of E(j)
(m,v,h)

p(m,¥,h) (for j = 2,3) 1is known and only p(m,v,h)

will be determined in this section.

) repre-
For the moment it will be convenient to

assume that

Substituting Equations (IV-15b,c) into the inhomogeneous part
of Equation (IV-48), noting that the resulting expression contains expo-
nentials which satisfy the homogeneous part of the same equation and using

the method of undetermined coefficients yield the following solution for

=~ (3)

ép(m,nl,h)
# ~ (2)
. - . =(2) -
In this case ép(m,v,h) 0 (since I(m,v,h) 0 )and the
~ (3)
solution of éf depends on the form of E(3)

p(m,V,h) (m,py,h) °
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~ (3) r,"' z

_ i(imw®4g? r”)
o ORI

((imw™ +4 *r) %erf'a
ﬁ} q;) r"'- |n~uJ 1

(IV-49a)
where j = 2,3 .

Since it is a solution of a second order ordlnary differential
~ (i)

equation, p(m,¥,h) must satisfy two boundary conditions which are
given by Equation (III-87), which applies to the injector face, and (11-189)
which applies to the nozzle entrance. In its given form Equation (II-189)
applies to any eigenfunction. For the specific case under consideration

the following form of the Nozzle Admittance Relation should be used:
=~ () ~(3)
d _ & s )
(a’z" /I. €§ + é é(w,#h) é é(n,v;k)

2 ™ 2 ~— 3 %
S 3 GRS )

N(w,J,h)
(1Iv-50)
Note that the homogeneous solutions of the second and third order equations
do not appear explicitly in the solution of éi’(m,y,h) which is given

in Equation (IV-49). 1In this case the latter are assumed to be included
~ (1)
in éh . It thus follows that & , the expansion parameter, is the
~ (1)
amplitude of jﬁll which satisfies the homogeneous part of Equation

(IV-48) and the homogeneous portions of the boundary conditions which
are imposed at the two ends of the combustion chamber. The same result

would have been obtained if:

€,=¢€-(€+e)
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was chosen to be the expansion parameter and the homogeneous solutions of the

first, second and third order equations (which control the behavior of

é (m,V,h) ) were required to satisfy the same homogeneous boundary
b1 3
conditions (which are identical to the first order boundary conditions)

at the two ends of the combustion chamber. In this case each of these

~ (3)
homogeneous solutions (i.e.,éh for j =1, 2, 3) can be written in
the following form.# o o
20 w hz L
¢ =C(e +we )
him,1h)
Letting Cgl) = 1 (which results in no loss of generality of the final

result),combining the homogeneous solutions of the first, second and

third order equations and replacing ei and éi by 62 and € 3

yield the result given in Equation (IV-49).

As a result of these substitutions, errors of 0(63) and

0(64) are introduced into the solution of i(m In the

v,h)
following analysis, it will be shown that the first order eigenvalue
perturbations are identically zero. This will result in the elimination

of the second order component of Q( Consequently it becomes

m,Y,h) °
convenient to redefine the expansion parameter and let El = € - €3 .
In this case combining the homogeneous solutions of the first and third

order equations and replacing ei by 63 introduces errors 0(64)

or higher. The latter are negligible in the present analysis. To com-

plete the analysis we must now require that the particular solutions of
the second and third order equations satisfy the corresponding inhomo-
geneous boundary conditions at the two ends of the combustion chamber.
The above discussion which resulted in the "elimination" of

the homogeneous solutions of the second and third order equations coutd)
J

also be repeated for the corresponding homogeneous solutions (i.e. Qh(m v,h)
b 3

for j = 2,3) which appear in the analysis of the nozzle flow. Consequently,
~ (3) ()
i (m,v,h) and é_ (m,¥,h) for j = 2,3 are respectively the particular

# The procedure used in obtaining this solution is identical to the one
used in the derivation of the first order solution and consequently
will not be given here.
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solutions of Equations (IV-48) and (II-174). Since @ (m,v,h) is

(3 i (3

&)

N(m,v ,h)
~ (3)

argument given above, it can be shown that ép( v.h) for j = 2,3

continuous across the nozzle entrance é

at this point. Using the definition of [ and the continuity

automatically satisfies the appropriate inhomogeneous higher order

nozzle admittance relations which are given in Equation (IV-50). In

order to obtain the complete solution of @ ( (which will lead to

m,¥,h)
the determination of the eigenvalue perturbations) the second and third
order inhomogeneous injector end boundary conditions must be satisfied
as well,

Substitution of the solution of & (m,v,h)
and separation of the resulting expressions according to powers of &

yield the following relations

R™(&" ) =o

(Iv-51la)

(™) u-l) ~ () ~ &) . gl = o,
ﬁ w + ) = (( Y n
( P(m,y s @Pm Yh) Z ®
l.l D) (n) ) . =), tm) ) y)
+ VIR + (0w + Qs
that must be satisfied at 2 = 0 . In Equation (IV-51b) Y(J 1)

# 1In its given form this relation applies to the cases j = 2,3
(2) = 0.
(m’v:h)

It must be remembered, however, that Q

into Equation (III-87)

(av-s1p)"
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n(j'l) and (j'l)
(m)

represent the eigenvalue perturbations MIJ (m) s

e(m)

and g are defined in Equation (III-36) and the operator

ﬂ(m) is defined in Equation (III-88). As expected, Equation (IV-5la)
is identical with Equation (IV-3) which has been used in the first
order analysis and does not have to be considered any more. Rewriting
Equation (IV-51b) in a different form yields the following relation

to be satisfied by the eigenvalue perturbation.

=0 =) tJ)

A+ Y TB+ 0w =g

(IV-52)
where
L Tw ()
A = Jk,(o)g (IV-53a)
. (m) = (l)
B =(¥€ R (IV-53b)
~ S
¢ = (W™ PO + ey éw - & é‘” (1V-53c)
P k) lu,qlu
) )
o o (o) -(w"™ DA QPN _ A9
o - aE B, "¢ 1 b b Q... (IV-53d)
and c[(m) has been defined in Equation (IV-7).

It will be interesting to investigate the meaning of the expressions
presented on the left-hand-side of Equation (IV-52). With this purpose

in mind we return to Equation (IV-8) and rewrite it in the following form:

f(n:w)Y, ): fmw Lu‘”)_. ‘M)‘u’+ W(meu G: rl') )

(1Iv-8a)
where w is defined in Equation (IV-9). 1In Equation (IV-8a) the zeroeth
order perturbations of W , n and Y, have been replaced by the corres-

ponding variables which are now functions of € . Using the definitions
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~(1
of R( ) s UJ(m) s g(m) s L(m) and @ (m) and differentiating
Equation (IV-8a) with respect to n , Y, and & yields the following

results:

(%), ¢7 v R

(IV-54)
af) — Tynum ™ oY
-] = (
(QY. » n"¢ R
(Iv-55)

and

(Iv-56)

Using the definitions of WA/ and /jx (i.e., Equations (IV-9a)
and (II-185a) ) it can be shown that the last term on the right-hand-side
of the above equation is identically zero. Finally using the definitions
~ (3)

p(m,v,h)
Equations (IV-6) and (IV-49a)it can be shown that at 2 = 0

of rfl) and rél) and the solution for as given in

CAANE Y LA (L& )
BW ow dt (W, Y k) 2z0

(Iv-57)
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Consideration of the above remarks and the substitution of

Equation (IV-57) into Equation (IV-56) yield the following result:

of W™+ W) - € G
= (m ( + ) - -— P
(PW) ’ dz éP(u,v,u
€=o
(Iv-58)
. ot (j)g ) . . . . . .
Since ip(‘m,v,h) is identically zero, it immediately follows

) 2 af
that (T'(:)Gn s (j{ )e,‘, and (5:')6=° are respectively equal to A ,
B and C which are defined in Equations (IV-53a), (IV-53b) and (IV-53c).

Consequently Equation (IV-52) can be rewritten in the following form:

=)

Anu‘-') " BY’“"" 4 Cwu-n — _Vj'_é

() . =) 6 G) . )
= VJ(,.’A + LY..](“A =Q, = er + LQ'a
——p —~—
(IV-59)
where
(k) ) () (k) (k) )
é:n__’" + Y e, + w gw_@;-c-w_e:,
(IV-60)

e > & and e, are respectively the unit vectors in the n , Y, and w
- - -

directions and A(k) is the projection of A(k) on the & = constant
—-> 2 -
plane.
Geometrically# vE and @ f. represent respectively the gradi-
P o —p 1

ents of the three-dimensional surfaces which are determined by the real and

#

See Figure 7 for illustration of some of the points which will be
discussed in the following paragraphs. v
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imaginary parts of Equation (IV-8a), on page 171, (when € = 0) that is:

fr(ﬁ",%i’w".'..) = 0

(IV-6la)
fi(ﬁ':Y;’w“f'..) = 0

(IV-61b)

The intersection of these surfaces in space results in a three-
o~
dimensional curve, which will be denoted here by f(r‘ﬁY:’u)‘?’..) = 0 , whose
projection on the n , Yo plane gives the linear stability plot. At

each point along this curve (in space) the vectors wf and Vf.
-~ ->1

determine a plane which is perpendicular to this curve and consequently

~ ~ *)
contains the vector Z.f (which represents the gradient of f(ﬁ','Y‘;',w'. ..) = 0).
The latter can be written as a sum of two mutually perpendicular vectors

both of which lie in the plane determined by wf and ¢£f, . These
-» T =i

components are chosen in such a way that one of them, say vi, , represents
—’

the projection of _V_;f on the plane w‘,"= constant (where w‘," represents
one of the coordinates of f = 0 at the point under consideration). The
projection of Z"f; on the n , YO plane (which is parallel, of course,

to the plane "= constant) appears as a vector normal to the neutrally
stable curve. Similarly, the Displacement Vector _/A’(j—') , which originates
at the point (r'\;’,'x:)d;s on the curve = 0, whose magnitude and direction
are determined by the restrictions imposed by Equation (IV-59) can be

=1
written as a sum of two perpendicular components one of which _/‘A.(l:] ) s

which is defined in Equation (IV-60), also lies in the plane W)= constant.

~

v

. j-1 r_ 14
The dot product of the projections of _A.(LJ ) and l!f\.' on the n, Y0 plane
determines the normal displacement from the neutrally stable curve. The
latter represents the location of finite amplitude periodic waves on an

n vs. Yo plot.

il
Elimination of w (3-9) between the real and imaginary parts of
Equation (IV-59) yields the following relation between n(j") and Yo(J-')
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ti-1) W) C W)

(A, =& )n™ + (8- SB,)Y =q"- &q

.
(4

(Iv-62)

The left-hand-side of the above equation represents the scalar product
between the gradient of the function g(ri':'fs = 0 , which describes the
behavior of the neutral stability curve, and the vector &9-') which
has been defined above.

To prove the above statement, Equation (IV-61b) is rewritten

in the following form:

YWY = -l n@Y) =0

(IV-6lc)
which upon substitution into Equation (IV-6la) gives:
1,0, D] o - 0
EONGWN ) = (RS = e = o
(Iv-63)
. L . o .
Differentiating g(n‘?‘ls with respect to H® and Y’, gives:
o _ 2 ,
™ n”? oh ¥
(IV-64a)
2 9
29 - o, o on
Y, Y, dh OV,
(IV-64Db)

ah

To define ?-‘3;., and Z—,1in terms of familiar quantities we
m oY,

take the differential of fi and set 1t equal to zero:
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3,(. © D-F; (o2 Df. ) (o) , jo )
9% + = Tgw® = A. dn'+ BidY,+ C;dw =
The above relation can be rewritten in the following form:
) : ©) B: ”
du’= - B dr’~ Z=dY,
C: ‘ (IV-65b)
It immediately follows that
24 _ A: _ aw)
o= T — = (T
" C: IN/y>
(Iv-66a)
and
h B (35)
3 o C. = av:,"(.,
0
(IV-66D)
Substitution of Equations (IV-66a,b) together with the relation
ai%‘ = Efg_ = C_ into Equations (IV-64a,b) yields the following
ah gwu) r
result:
22 — A — Sr 4.
)n:"— r - C. At
(Iv-67a)
22 _ C
'a—\%l)— B'—--— é B‘_
(IV-67b)

Substitution of Equations (IV-67a) and (IV-67b) into the
following relation
Ve A = Bun™ 2y
o = 9 -+

which represents the scalar product of the gradient of the neutrally stable
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curve and the "two dimensional" Displacement Vector which has been
defined in Equation (IV-59), yields an expression which is identical
to the one given on the left-hand-side of Equation (IV-62). The
derivation of this identity completes the proof of the statement which
follows Equation (IV-62).

Since the magnitude of @g varies along the neutral stability
line it will be more convenient to-;ormalize Equation (IV-62) and to

- v

consider the scalar product of AS-') with ‘—7'5" which represents

the unit vector which is normal to this curve. If in addition we let

-l-,-l(j") n(j")ej" + o(e.])
§°(J'|) = Y’(j")éj-' + O(GJ)

represent the components of the two-dimensional Displacement Vector in

n vs. Yo plot then Equation (IV-62) can be rewritten in the following

V§ e (A-EA)T4 (8- &)V
vl \(a-&a) + (B~ SB)

- (Q(:: - %QU.: )éh' _ lDU')E =1

\/(A"— (-C'?.: A")z+ (B" - %8")’- (1V-68)

where A)(_j-,) = eJ-' /Ag;]_,z Equation (IV-68) is accurate to O(€ J.)
- =

If n(J_') and Y,(J-') are not too large, the above equation implies that

a small displacement from the neutral stability curve produces finite
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amplitude oscillations with an amplitude € for the first order

solution.

@) (2)
T - Qli
G)

Since Q 0 (this result can be easily derived

from the definition of Q which is given in Equation (IV-53d) ), it

immediately follows from Equation (IV-68) that to first order the normal

displacement from the neutral stability line is identically zero. It

thus follows that the vector éﬁi') is either tangent to the neutral
stability line or is identically zero. Accepting the second possibility

we conclude that
DI Yc(yl) - wM

(Iv-69)

When j = 3 _ID(3)=#O and it then follows from Equation (IV-68)
that the normal displacement from the neutral stability curve is of
0(€') . If in this case, the normal displacement, which may be positive
or negative depending on the sign of ]D(s) , 1s kept constant along the
neutral line then the amplitude of the oscillations that take place in

the vicinity of the n(o) vs. Yéo)

curve is inversely proportional to the
square root of D @) . If on the other hand the amplitude of the oscil-
lations is held constant then the normal displacement, that will produce
an oscillation with such an amplitude, is directly proportional to D ()
1f any one of the eigenvalue perturbations is known, then the
other two can be obtained by the simultaneous solution of the real and
imaginary parts of Equation (IV-59). The same information could also be
obtained if the angle, which is included between the vectors ég_z) and

~
Vf,, was known.
-ty

Equation (IV-68) shows that for j = 3 and a small value of €
the normal displacement from the neutral line, which can be positive or
negative depending on the sign of J) @) , is proportional to the square
of the amplitude and goes to zero as g goes to zero. When this limit
is approachéd periodic oscillations, which are characterized by infinites-
imal amplitudes, can occur along the neutral line. This behavior can be

best described by means of a local coordinate system in which the ordinate,
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which originates at a point along the neutral line and is perpendicular
to the n , Yo plane, represents the amplitude of the oscillations
(i.e.,€ ) and the abscissa describes the normal displacement. 1In this
coordinate system the location of periodic oscillations is described by
means of a parabola which passes through the origin and whose shape
depends on its location aloﬁg the neutral line. The stability of these

oscillations is yet to be determined.

Stability of the Periodic Waves

In the analysis of the previous sections, the solutions of the
equations which describe the behavior of three-dimensional, finite-amplitude
periodic waves were considered in detail. These solutions represent an
equilibrium condition in which the net average energy added to the system
(which in this case is a cylindrical combustion chamber), over a period of
time, is identically zero. A slight disturbance of this energy
balance may introduce an amplitude perturbation which can either grow or
decay. If both the positive and the negative perturbations grow in absolute
value the periodic solution is said to be unstable and vice versa.

To investigate the stability of these solutions an amplification
factor A , which was previously taken to be identically zero and which
can be written as a power series in € , must be included in the analysis.
In this case, it becomes convenient to express the differential equations
which describe the flow inside the combustion chamber and the nozzle in a

"new" time coordinate, y , which has the following definition:

y = st = (w- id)t
(IV-70)
Analogous to Equation (II-9) a different time lag, Y,, will now be defined:

¥ = s% = (W- ir )7,
(Iv-71)
If in the analysis that preceded this section we let y replace vy,
Y, replace Y,, and s = w - iA replace w , the final results will
have the same form as in the case of periodic solutions. These final

results describe the wave pattern inside the combustion chamber and the
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relationship between the eigenvalue perturbations. This wave motion
is no longer periodic (with time) and depending on the sign of M
these waves may grow or decay (with time). As in the analysis of
periodic solutions, the eigenvalues which appear in the analysis of
the aperiodic motion (i.e., n , Yo and s = W - iA) are all
included in the boundary conditions and differential equations which

-~

control the behavior of F The latter contains the first-order

(m,v,h)
solution and these components of the second and third-order eigenfunction
expansions which have the same time and space dependence as the first-order
solution. Letting s = w - iA replace « and repeating exactly the
analysis of the previous section would yield the relationship which exists,
in the case of aperiodic motion, between the eigenvalue perturbations. In
this case replacing w by s in Equation (IV-8a) shows that the existence
of a nonzero amplification factor will result in the modification of the
previously calculated values of n and Yo . In particular, if A 1is

of second order the modifications in n and YO will also be of second
order. Since finite amplitude periodic waves were found at a distance of
the order of €%* from the neutral stability line, the stability analysis
must be performed for eigenvalue perturbations which are of the same order

(i.e., O (€*) ). Consequently we take

) 9

A=) e

(Iv-72)
Replacing u)(;) by s(L) = ua(‘) - i.A(zb and Yél) by ?éz)
in Equation (IV-52), using the definition of ?éz) and separating the

resulting equation into its real and imaginary parts yield the following

result:

()

An® + w”B. Y +Cw”=q,-)C;

(1Iv-73a)




A; nu1+ w“’BzZ:‘u-p C“-wm

where

- (o)
¢, = TO B+ C

and A, B, C and Q, are defined in Equations (IV-53a) through
1
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. XMC X

(Iv-73b)

(Iv-74)

(IV-53d). Elimination of (A)(‘o from Equations (IV-73a) and (IV-73b)

and use of Equation (IV-72) yield the following relation

(2)

AR®+ BT =§,¢

where
n = ne*+ o)
2":(:): Z:mea. +0'(é’)

A = Cu'. A — Cnrﬁi

g = w”(C;B.~-C,B:)

‘Aco

(Iv-75)

(Iv-76a)

(Iv-76b)

(IV-76c)

(Iv-76d)
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(IV-76e)
~ kN bR
C,=¢C, +C
) l‘ 'r
(IV-761)
and € represents the amplitude of the oscillation which grows or
* *
decays with time. Substituting A = 0 and €& = € ) (where €&
is the amplitude of a periodic oscillation which neither grows or
decays with time) into Equation (IV-75) gives the following relation:
~ ~(3) [ad ) ~ 2
_ *
(Iv-77)

which must be satisfied by the eigenvalue perturbations in the case of
periodic oscillations.# The left-hand-side of Equation (IV-77) represents
the normal displacement from the neutral line in an n vs. Z’o plot.

Suppose that Equations (IV-77) and (IV-75) refer to the same values of

2
n(z) and to( ) , then substitution of Equation (IV-77) into Equation
(IV-75) gives:

AC. = Q,(e*-€")
(IV-78)

Since (T, is always larger than zero, Equation (IV-78) shows that

— *

the sign of A 1is determined by the sign of Q, (€*~ €"7). Suppose
»

Q, >0 then (€ —€)> 0 implies that A>0 and (€& —€*)L0

implies that A € 0 . 1In both of these cases | € — 6’, increases with
time. Suppose on the other hand that 6, { 0, then (€& —G') >0

# Note that in Equation (IV-77) ’Z‘o(z) replaces Yg') which was used

in the analysis of the previous section.
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implies that AN € 0 and (€& - é.“) £ 0 results in X > 0.

Consequently when 6' >0, |- G*I must always decrease with time.
According to the definition presented in the beginning of this section
the condition 6,'> 0 represents the case of unstable periodic oscil-
lations and vice versa.

It has been shown previously that 6‘ G*l equals the normal
displacement from the neutral line. Thus when 6, > 0 unstable
periodic solutions of amplitude e:* can be found at a distance of
()(et) in the linearly stable region (which is outside the parabolic
curve representing the neutral stability line). If on the other hand
6; < 0 , then stable periodic solutions can be found at a distance of
0,(61) in the linearly unstable region (which is inside the neutral
stability curve). This situation can be best described by means of a
local coordinate system which can have its origin at any point along
the neutral line and whose ordinate (which is normal to the plane con-
taining the neutral line) and abscissa represent respectively the ampli-
tude of the oscillation and the normal displacement. In this coordinate
system the locus of periodic solutions is represented by means of a
parabola which passes through the origin. When 6} 7 0 the abscissa
of this coordinate system will point into the linearly stable region.
In this case the amplitude of a solution which lies above or to the left
of this parabola will grow in time and the amplitude of a solution which
lies below or to the right of this curve will decay with time.

This situation is described in Figure 8 where "growth" and
"decay" regions are distinctly separated from one another. The existence
of this 'growth" region brings into light the possibility of "triggering"
combustion instability. When this possibility prevails, the "introduction"
of any disturbance with an amplitude € , which is larger than a certain
threshold value, which is given by a point on the parabola which describes
the locus of periodic solutions, to the system will result in unstable
combustion. In this case the amplitude of the oscillations will grow with
time. From physical considerations this amplitude cannot grow indefinitely.
The appearance of some other nonlinear mechanisms, which become important

at higher amplitude levels and which have not been discussed in the present



- 184 - t.

analysis, is expected to determine the final value reached by this
amplitude. At its "nmew' amplitude level the oscillation may be
stable or unstable and may possibly appear in a different form (e.g.,
rotating shock or detonation wave). The determination of the new
limiting value of the amplitude and the final form attained by the
wave oscillation would require a separate investigation.

In conclusion we see that when 6'7 0 the introduction of
finite~amplitude disturbances can trigger instability while small dis-
turbances will decay to zero.

When 5,(.0 the normal displacement is directed into the
linearly unstable region. In this region finite-amplitude periodic
waves are stable. Consequently the amplitude of any solution which lies
in the linearly unstable region will tend to coincide with some point on
the given parabola which indicates the locus of stable periodic solutions.
Thus when 61<.0 an inward displacement will produce finite-amplitude
periodic waves while an outward displacement will produce a solution
whose amplitude will decay to zero. (See Figure 8 for description of
this case.) This case represents a situation in which finite-amplitude
periodic oscillations without shock waves are possible.

In the case of small amplitude oscillation, linear analysis
predicts that the amplitude of the oscillation will decay if the solution
is represented by a point in the linearly stable region (which corresponds
to 6,> 0 ) and it will grow if the solution lies in the linearly unstable
region (which corresponds to 6:( 0 ) . These conclusions are in complete
agreement with the results of the nonlinear analysis presented in this
section. The latter is qualitatively identical to the corresponding analysis
performed by Sirignano4 in his investigation of longitudinal oscillations.
The quantitative results which determine whether at a given point along
the neutral line the displacement is in the inward or outward direction will

depend, however, on the particular problem which is being considered.
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CHAPTER V.
NUMERICAL EXAMPLES, DISCUSSION AND CONCLUSIONS

Introduction

The theory which had been developed in previous chapters was
applied to the solution of some specific problems with the following

objectives in mind:

(a) The investigation of the effect of the Mach number
of the mean flow and the chamber length upon linear transverse combustion
instability.

(b) The determination of the nonlinear wave form and its
dependence upon the frequency of the oscillation, the Mach number of the
steady flow and the location in the combustion chamber.

(c) The determination of the stability of finite amplitude

periodic waves.

In Chapter IV the particular case in which the combustion process
takes place within an infinitesimally thin zone immediately adjacent to
the injector face and the flow field inside the combustion chamber is irro-
tational was considered in detail. The solutions of the first three coef-
ficients of an asymptotic series representing the wave motion inside the
combustion chamber have been obtained. Considering in detail the form of
each of these coefficients, it can be shown that they depend on the combus-
tion process, the frequency of the oscillation, Mach number of the steady
flow, length of the combustion chamber, the characteristics of the nozzle
and so on. Because of the complicated manner in which each of these coef-
ficients depends on any one of the above-mentioned parameters it is prac-
tically impossible, unless some additional assumptions are introduced, to
obtain much insight into the problem by merely considering the analytical
form of these coefficients. This problem has been resolved by obtaining
numerical solutions of the wave form and the linear stability limits of
several rocket engines; each of which is characterized by a different set

of parameters (i.e., length, Mach number, etc.). The results of these com-
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First-Order Results .

If we assume for the moment that € , the expansion parameter
is very small then the amplitudes of the second and third-order solutions
become negligible in comparison to the amplitude of the first-order solu-
tion. In this case the solution of the problem can be approximated by
the first-order solution. This approximation is equivalent to obtaining
a linearized solution of the problem. 1In this case the first-order solu-
tion can be used for the calculation of the linear stability limits of a
rocket engine. Equation (IV-13a) represents the final outcome of such an
analysis. The relations given in this equation were used to investigate
the effect of the Mach number of the mean flow, the length of the combustion

chamber and the frequency of oscillation upon linear combustion instability.

Because of the complicated form of the analytical solutions for
n(w) and 7 (W), a digital computer was employed in their numerical eval-
uvation. The computer program was divided into two parts. In the first
part, the differential equations which describe the nonsteady flow field
in the subsonic portion of the nozzle were integrated numerically. The
nozzle throat was chosen as the initial point from where the integration
proceeded in the direction of the combustion chamber. The integration was
terminated when the local Mach number (in the nozzle) was equal to the Mach
number of the mean flow inside the combustion chamber. The results of the
numerical integration were then fed into the second part of the computer
program where n(w) and ¥ (w) were calculated. In order to "run'" this
computer program it was necessary to specify apriori the ratio of the
specific heats (¥ ) , the frequency of the oscillation, the frequency of

the corresponding acoustic mode (i.e., ), the length of the combustion

S
(¥,h)

chamber, the Mach number of the steady flow inside the combustion chamber

and the geometry of the nozzle. Specification of the nozzle shape is equiv-

alent to the specification of the steady-state velocity distribution in

the subsonic portion of the nozzle. The latter is necessary for the numer-

ical integration of Equation (II-192) (which describes the behavior of AL )

whose coefficients depend on this velocity distribution.

# In our particular case (of irrotational flow) Equation (II-192), which
describes the behavior of A , was integrated numerically. As can be
seen from the analysis of Chapter IV, the knowledge of A4 which
appears in the Nozzle Admittance Relation is necessary for the calcu-
lation of n and T
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In this particular study, a conical nozzle with 30° half angle
convergent section was used in the calculations. When the numerical cal-
culations were originally started, algebraic expressions were used for
the specification of the velocity profile in the subsonic section of the
nozzle. This method was found, however, to be inefficient as well as
not accurate enough and was consequently changed later on in the program.
Instead, it was chosen to describe the velocity profile by means of an
ordinary differential equation whose integration was performed simulta-
neously with the integration of Equation (II-192) (for AL). A more detailed
description of this method can be found in Section D of Reference 23. The
nozzle shape and the ratio of the specific heats were kept unchanged in
all the cases which were considered in the present investigation. Once
the Mach number of the mean flow, the length of the combustion chamber and
the associated acoustic frequency were specified, the computer program was
"run" over varied ranges of frequencies. For a given frequency, the out-
put of each run contained, among other quantities, the values of n(wJ)
and T (w) . These "runs" were repeated for various values of the Mach
number of the mean flow, the corresponding acoustic frequency (i.e., S(v,h))
and the length of the combustion chamber.

Some of the results obtained in these calculations are presented
in Figures 9 through 18. These figures give theoretical predictions of
the linear stability limits for rocket motors whose mean flow is character-
ized by Mach numbers (denoted by a in the figures) which vary between
0.3 and 0.6 and nondimensional lengths which range from 0.5 to 3.0 . 1In
these figures SNH represents the value of the associated acoustic fre-
quency. The actual calculations were considerably more extensive than those
presented here. 1In addition to the results reported above, the linear sta-

bility limits of rocket engines whose mean flow is characterized by Mach

#
See Appendix C of Reference 2 for a more detailed description of these
algebraic expressions.
7HE
In the figures the length is denoted by THET which has the following
definition: i
THET = q ° L = g ==
c.c. r
c.c.
where * indicates a dimensional quantity. Lc c denctes the nondimen-

sional length of the combustion chamber.
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numbers which range from 0.3 down to 0.05 have also been considered. .
In general, the results obtained in these calculations were qualitatively
similar to the results obtained by Reardon2 . Consequently a detailed
description of these results will not be given here. Only those points

which were either not mentioned or not observed by Reardon2 and other

investigators in the field will now be discussed.

The following are some of the interesting results which were
obtained in the calculations in the low Mach number range (i.e., from 0.3
to 0.05):
(1) 1In plots of n , the interaction index, vs. the fre-
quency of the oscillation the ranges of the frequencies within which com-

bustion instability could occur became narrower as the Mach number was re-

duced. The indication was that in the limit, as the Mach number of the
mean flow goes to zero, instability can occur at only one particular value
of the frequency. For this value of the frequency the operation of the
rocket will be unstable for all values of n . The frequency at which this

phenomenon occurs is equal to the corresponding acoustic frequency.

(2) Negative values of n (the interaction index) were
obtained in the calculation of the linear stability limit for low values
of the Mach number. Since a combustion process which is characterized by
a negative value of n 1s physically not possible, it was concluded that
in those ranges of the frequency for which n was found to be negative
the operation of the engine must be stable. Scala12 also reported the cal-

culation of negative values of n .

A comparison of the results of the present analysis with those
reported in Reference 2 shows that in the latter case the linear stability
curves were characterized by higher values of nmin# . This discrepancy
will be discussed later on in this chapter. 1In making any comparisons it
is important to remember, however, that the results reported by Reardon2

2
and Scalal apply to the case of distributed combustion and rotational flow.

No restrictions regarding the magnitude of the Mach number of

the mean flow or the frequency range , were imposed in the present study.

i noin indicates the lowest value of the interaction index for which

neutral oscillations are possible.

## See footnote on page 173.
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This is contrary to the investigations performed by Reardonz, Scala12

and others. Consequently, the theories developed here could be used to
investigate the effects that increasing the Mach number of the steady flow
and varying the frequency range may have upon the linear stability charac- -
teristics of various rocket engines. A better understanding of these phen-
omena can be obtained by considering in detail the results presented in
Figures 9 through 18.#

The first interesting observation is the appearance of "loops"
in plots of n vs. T or n vs. wT ., These "loops" appear at higher
values of the frequency.## For a given combustion chamber, an increase of
the Mach number results in a decrease in the size of the "loops'" which now
appear at lower values of the interaction index. This observation suggests
that these '"loops' actually exist at all Mach numbers. However, in the case
of flows with low Mach numbers the "loops" exist at infinity (i.e., n =e@)
and thus they do not appear in the linear stability plot. For a given value

of S the appearance of the "loops" is associated with the appearance

of neévizitability regimes. This phenomenon can be best observed by con-
sidering the plots of n vs. the frequency. The curves presented in these
plots look like modified sine curves. The first "valley" (or minimum) of
this curve corresponds to the instability regime that is "associated" with
the acoustic frequency of pure transverse oscillations. Subsequent "valleys"
which appear at higher values of the frequency correspond to the instability
regimes which are "associated" with the mixed acoustic modes. It is impor-
tant to notice that as the frequency is increased these '"valleys" become
wider (or flatter) and they are characterized by higher values of n .
The significance of this behavior will be discussed in following sections.
It has also been noted that the centers of these "valleys" are
usually removed from the values of the corresponding acoustic frequencies
(i.e., the pure transverse frequency or the mixed modes). Examination of
Figures 9 through 14 and Figure 18 shows that increasing the length of the
combustion chamber or Mach number of the mean flow results in the shifting
of the various noin. As well as the whole unstable region which is asso-

ciated with each one of them toward lower values of the frequency.

# See discussion on page 187 for the meaning of the various symbols which
appear in these figures.

## It must be remembered that the frequency appears as a parameter in the
calculation of n and T .
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‘Examination of Equation (IV-12a) suggests that noin. occurs
whenever wT = W ; the latter implies that Hi = 0 . Using this re-
lation together with the definition of H (i.e. Equation IV-11) it can
be shown that the frequency at which the interaction index is minimum
indeed depends, in a very complicated way, on the shape of the nozzle,

length of the combustion chamber and Mach number of the mean flow.

Similar "loops" (in n vs. T plots) have been observed by
Mltchell# in his investigation of the effect of increasing the Mach number
upon the linear stability of the longitudinal modes. Although the shape of
the "loops'" appearing in the longitudinal case is somewhat different than
the shape of the "loops' which can be observed in the present investigation,

their qualitative dependence on the Mach number is the same.

In the foregoing discussion it has been stated that subsequent
loops (i.e., those which are associated with higher values of the frequency)
are characterized by higher values of the interaction index; while that
portion of the curve that describes the stability limits of the pure trans-
verse mode is represented by the lowest values of the interaction index.

It can consequently be concluded that, if a rocket engine has an n-value
such that it is stable with respect to the pure transverse mode, then it

is unconditionally stable with respect to all the other modes (i.e., subse-
quent mixed modes). Similar conclusions were arrived at by Crocco and
Cheng,1 who investigated the stability of longitudinal waves. In that case,

however, the mixed modes are replaced by higher longitudinal modes.

The examination of the results presented in Figures 9 through 18
yields the following conclusions regarding the effect of increasing the

Mach number (hereinafter denoted by q ) on the linear stability limits.

(1) The unstable regions (in plots of n vs. T ) move from

lower to higher values of AN

(2) In plots of n vs. W the instability regions move

towards lower values of the frequency.

(3) More unstable regimes (or "loops'") appear within a given

range of the frequency. This is more noticeable with longer chambers.

# TFor discussion of this case see Section C in Reference 23.




- 191 -

(4) The value of oo slightly increases. This

effect is more noticeable with combustion chambers of shorter lengths.

(5) In plots of n vs. the frequency the unstable
regions become "flatter" and less distinguisable. In this plot the

overall unstable region increases.

Another interesting phenomenon is the observation that increas-
ing the length of the combustion chamber resulted in decreasing noin.
This can be seen best from Figure 17. Similar results were also reported
in studies of the linear stability of longitudinal waves.1 In the latter
case an additional cylindrical section was inserted between the combustion
chamber and the nozzle. It has also been assumed that the combustion
process has been completed before the flow entered the additional section.
Under these conditions the steady-state velocity distribution inside the

additional section is uniform and the additional section would be

regarded as either belonging to the nozzle or the combustion chamber.

A similar situation exists in our present analysis of three-
dimensional waves; i.e., increasing the length of the combustion chamber
does not affect the combustion process. Such an addition will generally
result in decreasing the frequency of the oscillation in the combustion
chamber as well as in the nozzle.# The Nozzle Admittance Relation depends
on 4 , which in turn depends on the frequency of oscillation inside the
nozzle. It will be shown later that at lower frequencies/;g has a greater
destabilizing effect, i.e., it results in a lower value of n . It can
thus be concluded that, under the described conditions, increasing the
length of the combustion chamber has a destabilizing effect. It should
also be mentioned that increasing the length of the combustion chamber may
result in a shift of n. toa higher value of 7. SirignanoZB, who

examined several different approaches for the calculation of the linear

#

It can be shown that the nondimensional frequency inside the nozzle is
directly related to the nondimensional frequency inside the combustion
chamber.
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stability limits of transverse oscillations, reports - that for combus-
tion chambers which are characterized by higher Mach numbers (of the
mean flow) - increasing the length of the chamber has indeed a desta-
bilizing effect. The opposite effect is reported in the case of low-
Mach-number-flows. The latter case has not been considered in the pre-

sent investigation.

Disregarding the "loops'", whose significance has already been
discussed, the linear stability limits which were calculated in the
present investigation are qualitatively similar to those presented by
other investigators. A closer comparison reveals, however, that the

values of nooo presented in the present investigation are consistently
lower than the values of nooo which were calculated by other investi-

gators. For example, for Mach number of 0.3 the present analysis pre-

dicts values of noo which are in the vicinity of 0.1 while the

results by Reardon2 and Sirignano23 show that LS ~ 0.5 .

In an effort to account for the above discrepancy it will be use-
ful to discuss a recent publication by Cantrell and Hartzs. This paper
investigates the requirements for neutral acoustic stability in cavities
where there is a mean flow in the absence of acoustic disturbances. Through
clever manipulations Cantrell and Hart have succeeded in developing a cri-
terion for the neutral stability of an acoustic cavity which depends on
first-order quantities only. When the flow inside the cavity is irrotational
and no sinks or sources are present, this criterion can be expressed in the

following form:

c (v-1)

i

See, for example, the results presented in References 2 and 23,
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where < D indicates a time average of a qiven quantity and * denotes

a dimensional quantity. Above integration is performed over the surface
of the acoustic cavity. Equation (V-1) represents the balance that must
exist between the various forms of energy which are crossing the boundaries
of the cavity when the oscillations inside the cavity are neutrally stable.
Nondimensionalizing it with respect to steady-state quantities and using

the following definition of the admittance relation

o)
5 - Lz
b 7(!)
(V-2)
Equation (V-1) can be rewritten in the following form:
0t z
I - () )t -
L )ds-dPy + s &P+ ¥P 7y (§-3,)
Y —> —> -
mt -
+P7¢ (g . >0
£0£-%)
(V-3)

In order to use this formula for estimating the value of noin

it will be first necessary to cbtain the appropriate expressicns for
Yp dS . Using tke cefinitiors of S;\l) ,’( 1) and ﬂr(l) tcgether with
-— -

Equation (III-30) results in the following expression for the dot product

of the admittance relation at the injector end with the unit vector which
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is normal to this surface. This unit vector points in the outward direction.

Ay

on= A (- eE (- e )

B

i#

(V-4)
Similarly, using Equation (II-189) it can be shown that the dot product of
the nozzle admittance with a unit vector axially directed into the nozzle
can be written in the following form:
i K
yﬂ.n =—-— -/;A [
30 - F& %/a-{-t.w
[
(V-3)

A
where K 1is a proportionality constant that must be introduced to account

for the fact that different nondimensionalizing schemes are used in the

combustion chamber and in the nozzle.

Since the cylindrical walls of the combustion chamber are perfectly
rigid, their admittance is identically zero. Assuming that @ | ¢ and .f
are O(l) , it immediately follows from Equations (V-4) and (V-5) that

Y1 gL and y e n must be 0"(q) . Using this fact and neglecting terms
e > _’ll-b

-2 -
of @ (¢) (which is justified when q is reasonably small) Equation (V-3)

# A careful review of the analysis presented in Chapter III w111 show that
1§(1) » which appears in Equation (III-30), actually equals -=%— -.ﬁ
where 3 1s a unit vector normal to the injector face pointing into the
combustion chamber, In the present analysis we age interested in the
dot product of 'Jt- with 1 , which equals - 43— . 1 . The latter is

-’
used in the derivatlon of Equatlon (v-8).
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can be rewritten in the following approximate form:

ds <Py (Re(ng = 7§

WGECTR
END

+ | ds (P"e=2) (Re(n-%) + 7§ ) =0

Noa2 L€
ENTRANCE

(V-6)

In developing the above relation clg was replaced by n dS where n is
a unit vector normal to the surface of the combustion chamber; 3 is

directed in the outward direction.

Since the admittance relations at the two ends of the combustion
chamber and the steady-state velocity distribution are of O (q) it can
be expected that the solution representing the first-order pressure distri-
bution inside the combustion chamber can be represented in the following
form

Pe.e. T Pacoustic + 0 (q) w-7

It immediately follows from Equations (V- 6) and (V- 7) that replacing

Pe.c. by Pacoustic in Equation (V- 6) introduces errors which are of

O'(az) . The latter are considered negligible compared to terms of O (a)
in the present analysis. Substituting the following well-known solution

of the acoustic pressure

enrz i Wt
Pacoustic Re { A cos( L ) In (S(V;h)r) cos(vb)é' } (V- 8)

into Equation (V- 6), and assuming that the area of the injector face equals

the area at the nozzle entrance in addition to remembering that in the
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present analysis & stays constant throughout the combustion chamber,

the following result is obtained:

de .;‘AII,} Cos no {& {2-2'”1 + Refned,} } -0

mIsC TR
END

(V- 9)

or equivalently

(v-10)

It is interesting to note that the condition for neutral stability
of small-amplitude waves inside the particular combustion chamber under con-
sideration involves only the real parts of the admittance relations. Sub-
stitution of Equations (V-4) and (V-5) into Equation (V-10), use of the

following relations

f= | 3 R=|+0’(?}‘) ! wr=T

and neglecting terms of Cr(az) yields the following result:

N = 22 (1= 45)
"in bR w

- (V-11)
Since ¥ as well as W (the latter being the frequency of oscillation
in the nozzle) are always positive, Equation (V-11) suggests that when /;q
is positive, increasing A or decreasing « will result in lowering
the value of M oin. - From stability considerations it is consequently
desired to have M < 0 . Since ' (which is obtained from the numer-
ical integration of Equation (II-192) is indirectly dependent upon the

Mach number of the mean flow inside the combustion chamber , it immediately

# This is true because the numerical integration of Equation (II-192), which
controls the behavior of & , is terminated when the local Mach number

in the nozzle equals the Mach number of the mean flow inside the combus-
tion chamber.
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follows that noin is implicitly dependent upon a .

To obtain a better understanding of the manner in which oo

depends on the various parameters which appear in this problem the fol-

lowing table has been constructed from the available numerical data.

TABLE I #
Wy a /Ali 3in. gin.

exact approx.
1.30316 0.3 0.5747 0.1607 0.2333
1.51106 0.5 0.2797 0.2942 0.3395
1.57769 0.6 0.1857 0.3232 0.3675
1.30867 0.5 0.5171 0.5136 —————
1.30802 0.6 0.4832 0.348 _—

The numbers tabulated in the above table apply to the case in which
L 1

L= = % . n_. and n_. are respectively the values of
r 2 min. min.
c.c. exact approx.
noio which were obtained by use of a computer and Equation (V-11). Rows

1, 2 and 3 describe the case where W =T ywhile rows 4 and 5 were inclu-
ded for comparison purposes. It should also be mentioned that the exact
computations indicate that noo does not always occur at Wwr=T

and may occur somewhere else in the vicinity of this number.

The results listed in rows 1, 2 and 3 show that in all these

cases /l.' > © . We can thus conclude that in the particular cases which
have been investigated the nozzle acts as a destabilizing device. Physically
this implies that the gases in the nozzle are 'pumping" work into the com-
bustion chamber. Since work equals the product of the pressure and axial
component of the velocity, the phasing which exists between these quantities
at the nozzle entrance will determine whether work is being done on or by
the gases inside the combustion chamber. This phasing is determined by the
flow conditions inside the nozzle and by the manner in which the waves en-

tering the nozzle are partially transmitted through the nozzle and partially

# The data presented in rows 4 and 5 does not describe cases when wl =/

Consequently the values listed under noin do not represent minimum
values of the interaction index. exact
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reflected at the nozzle walls.

Further examination of the results tabulated in rows 1, 2 and

3 of Table I shows that ‘/ui decreases and GJN increases as q in-

AL . i
creases. Consequently 0 decreases as q 1increases and according

N
to Equation (V-11) n_, should increase. This result is in agree-
approx.
ment with the exact numerical solution given by noin . We thus see
exact

that Equation (V-1l1) is at least qualitatively correct.

Equation (V-11) shows that if ,/41 is very small or possibly

1 = 0.416 This value of n

1
equal to zero then na~3Y T 3% . nin.

is closer to the values of no reported by Reardon2 and Sirignano2

in.

These investigations considered, however, the case of distributed combus-
. :

tlonﬁ and consequently they cannot be treated by the approximate analysis

which was presented here.

In view of what has been said above it can be concluded that it is

the particular theoretical model which had been considered in this study that
caused the reduction in the calculated values of nmin.(or n) . It

should also be mentioned that Crocco6, after considering the more general
case of distributed combustion, has arrived at similar conclusions; that

is, in the case of transverse oscillations the nozzle has a destabilizing
effect. In the more general case, the destabilizing effect of the nozzle

is, however, small.

On the basis of the discussions presented in this section it
can be concluded that
(a) As the Mach number of the mean flow and the length
of the combustion chamber are increased, the mixed modes (which are asso-

ciated with the geometry of the combustion chamber) tend to become unstable.

(b) n-values which give stability with respect to the pure
transverse mode unconditionally guarantee the stability of the engine with

respect to the mixed modes.

# The flow field describing the distributed combustion case is generally
rotational and it contains mass and energy sources as well as momentum
sinks (due to droplet drag).
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(¢) Increasing q in the range 0.3 = a 2 0.6 while

keeping Lc o, constant is stabilizing.

(d) 1Increasing L while keeping q constant is
destabilizing.

(e) Boundary conditions in general and the Nozzle Admit-
tance Relation in particular are important in the determination of the
stability limit of rocket engines.

(f) Under given conditions certain nozzles can act as
destabilizing devices. Consequently in analyses of this nature the effect

of the nozzle cannot be neglected.

Before leaving this section it should be repeated that the ex-
amples considered in the above analysis represent most unstable conditions;
thus the solutions of these examples yield conservative estimates of the

linear stability limits of real rocket engines.

Nonlinear Wave Form

The results of the first and second-order analyses, which were
performed in Chapter IV, were combined to calculate the nonlinear pressure
wave form. In the present investigation the standing mode of oscillation
has been considered.

The following expression

P(e.w6Y) :fer(ﬁ"’e + ﬁ‘ﬂez)

was used in the numerical calculations. In this expression

T = Plpcos o J, (Scw@_,) e’

o~ -
and the solutions for P(l)(Q) and [T (2) are respectively given by
Equations (IV-15b), (IV-45), (IV-46a) and (IV-46b). Inspection of

# Due to lack of knowledge of the correct form of the Nozzle Admittance
Relation Cantrell and Hart and other investigators in the field have
completely neglected the effect of the nozzle in their analysis of
rocket instability problems.
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Equation (IV-15b) shows that the solution of 5(1)(q) is given by
a single expression which depends on steady-state and first-order quan-
tities only. The solution of Af-')(l)(qn could be obtained, without
much difficulty, as a by-product of the same computer program which was

utilized in the calculations of the linear stability limits.

= (2)

As can be seen from Equations (IV-45), the solution of T

is available as an eigen-function expansion. The evaluation of each of
5(2) .
P( @ requires
(kmsn >),q)) 1

the knowledge of the first as well as the second-order solutions and must

the coefficients appearing in this expansion (i.e.,

be done with the aid of a digital computer.

Because of the complex form of the analytical solutions of the
second-order coefficients, the numerical evaluation of each one of them

had to be performed in several steps. In the first ste A B
P p P Yw,q)’ “(w,q)

and C(nv Q) were computed; these quantities appear in Equations (IV-46a)
b

and (IV-46b) and are defined in Appendix C. Next, in order to obtain the
nonlinear Nozzle Admittance Relation, the differential equations which
describe the first and second-order flows inside the nozzle had to be
simultaneously integrated (numerically). Once the above information had
been obtained, it was ''fed" into a separate computer program where the
solutions of the second-order coefficients were finally obtained. Because
of the nature of the computations which were performed in this program,

the evaluation of each of the second-order coefficients required consider-

able amounts of computer time.#
Theoretically, obtaining the solution of 1?(2) would require
the knowledge of the coefficients F’Eii‘:? O for all the allowable com-
’ H

binations of the subscripts (km,nv,q). In practice, however, if the con-
vergence of the series under consideration is sufficiently rapid, the
calculation of only the first few coefficients may yield a reasonably
accurate solution. In our case, analysis of the behavior of the second-

order coefficients (i.e., f> (2) @) ) had shown that the calculation of
(km,ny,q)

# In practice, obtaining the correct form of the second-order Admittance
Relations, which were necessary for obtaining the solutions of
~a) < () ~ (2) - (3)
@ (@) o) , .
P(;,o, ) ,_D(o,o,p ’ Pl’n’-ai’ and P‘,‘,‘ c,q) , required the simul-
taneous numerical integration of 34 ordinary differential equations.

Most of the computer time which was necessary for the complete evaluation

of the four coefficients mentioned above was consumed during this
numerical integration.
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only those coefficients which are characterized by a subscript q which
varied between 0 and 5 resulted in a good approximation for Tr(z) . The

contribution of all the other coefficients could be neglected.

Some of the results obtained in this investigation are pre-
sented in Figures 19 through 32 which give plots of pressure vs. time.#
Two combustion chambers having identical lengths but different steady-
state velocities (i.e., i = 0.3 and a = 0.5) have been considered.

The effect of various parameters, such as the location inside the combus-
tion chamber, the amplitude of the primary wave (i.e., € ) and the fre-

quency of the oscillation have been studied.

In Figures 20 through 26 pressure variations for the case

a = 0.3 are presented. These figures give:

(a) A comparison of the linear and the nonlinear
pressure wave forms (see Figure 20).

(b) Comparisons of the nonlinear pressure wave forms
at the nozzle entrance and the injector face (see Figures 21 through 23
and note that each of these figures is characterized by a different fre-
quency of oscillation).

(¢) Cross plots which describe: 1) the effect that the
changing of the frequency of oscillation, at a given location, has upon the
pressure oscillation (see Figures 24 and 25) and 2) the behavior of the

pressure at a given frequency and various tranverse locations (see Figure 26).

Figures 27 through 32 describe the case for which a = 0.5
and in addition contain plots which are similar to those presented in

Figures 20 through 26.

Figure 19 shows experimental recordings of pressure distribu-
tions for the standing first tangential mode. These plots, which were ob-
tained from Reference 2, were recorded during an actual firing of a sector

motor. A comparison of the curve, denoted by P., with the theoretical mnon-

1
linear wave form of Figure 20 (or any of the other figures) shows an excel-
lent qualitative agreement. The curve denoted by F’Z (which was recorded

at a pressure node) should be compared with the corresponding curve (i.e.,

# In these figures the pressure is plotted against y = w8 . The latter
has been used as a time coordinate throughout the analysis. Also note
that these figures give the pressure at the combustion chamber wall
where T, . = 1
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for which 0 = %P ) of Figure 26. The small discrepancies between
these two curves could be attributed to the fact that the theoretical

plots do not include any third-order or higher-order effects. Also
turbulence has an effect.
Analysis of the nonlinear wave forms shows that their

behavior depends on the values of €, W, q as well as location at

which they are being considered.

One interesting observation is that increasing the Mach
number of the steady flow while keeping all the other parameters constant
resulted in an increase in the amplitude of the oscillation. Because of
this fact the wave forms for q = 0.3 were plotted with € = 0.3 while
the wave forms for q = 0.5 were plotted with € = 0.1 . A comparison
of Figures 28 and 30 or Figure 30 and any one of Figures 21 through 23

clarifies this point.

Sirignano,4 who performed similar calculations for the
longitudinal mode of oscillation, reports that increasing the value of &
resulted in wave forms which became multivalued in the region of maximum
amplitude. He suggests that, in the case of longitudinal oscillations,
increasing the value of € beyond a certain limiting value will result
in shock formation. In the case of three-dimensional oscillations, in-
creasing € resulted in larger amplitudes of the nonlinear wave forms
but no multivaluedness has been observed. To obtain physically meaningful
results (i.e., positive pressure) it was necessary, however, to limit the

allowable values of €

This behavior is in accordance with the conclusions of
Maslen and Moore3. These authors have shown that while for the case of
longitudinal oscillations without combustion a periodic solution without
shock waves is not possible it is nevertheless possible to have finite-

amplitude continuous periodic transverse waves.

Analysis of those figures which compare the pressure distri-
bution at the injector face and the nozzle entrance# shows that the non-
linear wave forms are similar at these two locations. This suggests that
qualitatively the shape of the nonlinear wave form must be the same through-

out the combustion chamber. A study of the PHI plots also shows that in

# These figures are denoted as PHI plots.
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all cases the pressure at the nozzle entrance slightly leads the pressure
at the injector face. This behavior is probably caused by the phasing

that is introduced through the use of a finite length nozzle.

Analysis of the PHI and OMEGA# plots indicates that the

amplitudes of the oscillations are strongly dependent on the frequency.
These plots suggest that for values of ) , which are smaller than S(V,h)’
the amplitude of the oscillation is larger at the injector face. 1t

seems, however, that at a certain value of w , which is close to S(v,h) .
a reversal of this situation takes place and for values of «w which are
larger than S(V,h) , the amplitudes of the oscillations become larger

at the nozzle entrance.

In all the cases considered in the calculations, the correction
to the mean pressure distribution was positive. Different behavior was
observed in the analysis of longitudinal oscillations4 where the sign of
the correction to the mean pressure distribution was found to depend on

the frequency.

An analytical criterion for the determination of the stability
of finite-amplitude, three-dimensional periodic waves has been derived in
Chapter IV. Because of the complicated form of this criterion and the
limitation of present day computers## no specific examples have been

considered.

Concluding Remarks

The non-steady flow conditions inside combustion chambers of
liquid-propellant rocket engines have been considered. The existence of
three-dimensional continuous waves which are periodic in time and have

amplitudes of finite size has been proven.

These solutions were expressed as power series (in terms

of €& ) and the analytical solutions of the coefficients up to (:63)

# In the Omega plots, pressure oscillations which are characterized by
different frequencies are compared to one another.

1HF

The determination of the stability of finite amplitude waves requires
the complete knowledge of the first and second-order solutions. Because
of the large number of variables that are involved in such a computation,
a computer program that was specifically written for this purpose could
not be "fitted" into a 7094 IBM computer.
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were derived. The latter are strongly dependent on the form of the

boundary-conditions that are imposed at the two ends of the combustion
chamber. In particular, the importance of knowing the correct form of
the Nozzle Admittance Relation has been emphasized. The effect of the
combustion process, which was described with the aid of Crocco's time-

lag postulate, was introduced through the injector-end boundary condition.

Inspection shows that the calculated solutions (up to
o (63) ) are periodic with respect to time as well as transverse loca-
tion. Analysis of the differential equations which describe the wave
motion inside the combustion chamber suggests that this periodic behavior

is exhibited by all orders of the solution.

The frequency of oscillation was assumed to depend on the
amplitude of the primary solution (i.e., € ) and the correction to the
frequency was found to be of ¢ (62) . This result is in agree-
ment with other theoretical treatments of similar problems.# It has also
been found experimentally that the numerical value of the frequency of
oscillation of finite amplitude waves is close to the numerical value of

the acoustic frequency.

In its given form the derived solution can be considered
as consisting of a basic pure mode, which is represented by the first-order
solution, and higher-order solutions which cause a distortion of the basic
mode. If € 1is small, the first-order solution provides adequate repre-
sentation of the wave-motion and is also capable of predicting the onset

of combustion instability,

The first-order solution was used to study the manner in
which increasing the Mach number of the mean flow affected the linear sta-
bility limits. The results of this analysis showed that increasing a
resulted in shifting the unstable region, which is associated with the
pure transverse acoustic mode, to higher values of the time-lag. In addi-
tion new unstable regions appeared. The latter are related to instabilities
of the mixed modes. Increasing q also resulted in a very small increase

of the value of n .
min,

The stability of finite amplitude waves was analyzed, and

the possibility of "triggering'" combustion instability has been proven

# See, for example, References 3 and 4.
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theoretically. In this connection it should be mentioned that "continuity"
exists between the predictions of the linear and nonlinear theories; that
is, as € —» 0 the results of the nonlinear analysis are in complete
agreement with the predictions of linear theories. 1In obtaining the above
results a "continuity" between the linear and nonlinear mechanisms of
energy addition has been assumed. Such an approach cannot, however, des-
cribe the behavior of the waves when the mechanism of energy addition is
strictly nonlinear (e.g., energy addition that is associated with droplet

shattering).

The possibility of "triggering'" instability has been demonstra-
ted experimentally in the case of transverse oscillations. Typical results
are shown in Figure 33.# The latter was obtained by studying the manner
in which the "introduction" of "pulses'" of varying magnitudes affected

the stability of a rocket engine.

Suggestions for Further Work in the Field.

Additional understanding of the problems associated with non-
linear transverse instability could be attained by attempting to solve

the following problems:

(1) The study of the stability of finite-amplitude
periodic oscillations when the flow inside the combustion chamber and the
nozzle is rotational and all the combustion process is assumed to be con-

centrated within an infinitesimally thin zone.

(2) The study of the more realistic case in which the
combustion process is assumed to be distributed throughout the combustion

chamber.

(3) Study the effects of motion in the transverse plane

on nonlinear instability as related to changes in the mixing process.

It has been mentioned previously that the possibility of
"triggering" combustion instability has been verified in the case of trans-
verse oscillations. It would be interesting, however, to obtain a close
verification of the theory. This could possibly be done by obtaining the

values of n , T (i.e., the location along the neutral stability line) of

.

# Note the similarity between Figures 33 and 2 and see discussion on
page 7
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a given engine# and then studying the effect of pulsing on this particular
engine. The results obtained in such an experiment could then be com-
pared with the theoretical prediction, regarding the stability of finite-
amplitude waves, that were obtained with these particular values of n

and T . Such an experiment could also serve as a basis for establishing
the applicability of the time-lag concept to problems connected with non-

linear instabilities.

It is hoped that the results presented in this thesis together
with the solutions of the suggested problems will lead towards a better
understanding of the phenomena associated with nonlinear combustion insta-
bility. Such an understanding is a prerequisite for further development

of the science of rocketry.

2 , .
# Reardon” used a variable angle sector motor for the experimental
determination of n and T .
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APPENDIX A

USE OF COMPLEX VARIABLES

IN THE SOLUTION OF HIGHER ORDER EQUATIONS

Some of the methods employed in the solution of the equatidns
encountered in this work will be demonstrated by use of a simple (and

perhaps trivial) example.

Consider the following partial differential equation:

—g-i - )\—%% = yz+y3 (A-1)
where A 1is an eigenvalue of the problem. The unknown y , which is
assumed to represent a physically meaningful quantity, is a real variable
which is known to be periodic in t . The following boundary condition

must be satisfied by the sqution of (A-1):

At x = 1 and for all values of t

y(l,t) = - € sint €K1 (A-2)
Equation (A-1) is a nonlinear partial differential equation.
The nonlinearity of (A-1) and the presence of € in the boundary conditions
(A-2) suggest the use of perturbation technique for its solution. Accordingly

it is assumed that y and A have the following series representations,

«
]

V€ + v, €0 + y,€0 + 0(eh

2
Ao + A€+ NET L o€l -3y

>
L]

# The eigenvalue A must be expanded in powers of € in order to avoid the
appearance of secular solutions.



Substituting (A=3) into (A-1) and separating the resulting equation accord-

ing to powers of & yields

Elg... ) Enh =0

X » 9t (A-4)
Y, Ay, L a d
¥zt ure -2
% _ 5 Y 3 oy ot
3 o 3t = & At
Proceeding to solve (A-4), it is assumed that
it
y, = £,(x0)e (A=7)

where fl(x) may be a complex function of x and the desired solution (which
represents a physical quantity) is the real part of (A-7). Note that the as-
sumed form of Y1 satisfies the periodicity requirement in t, Substituting

(A-7) into (A-4) gives
' .
£, =N £, =0 (A-8)

which is a first order, linear homogeneous ordinary differential equation.
Assuming that (A-8) has been solved and the appropriate boundary conditions
satisfied, the analysis continues with the solution of the second order
equation. Examination of (A-5) shows that it is an inhomogeneous, linear
partial differential equation. All the variables appearing in (A-5) are
real, Consequently with the available solution (which is complex) of Y1

the inhomogeneous part of (A-5) must be expressed in the following form:

3:’: {7‘3”.*3.*)}1: é(ﬂ,"-r 244% + g“'z) (A-9)

*
where an asterisk superscript  indicates the complex conjugate of the

# It will be shown later that ), = 0. Consequently all terms
proportional to ), were omitted from this equation.




considered variable. Most "second order equations",# encountered in math-
ematical physics, have several terms## in their inhomogeneous parts. In
these cases expressing the inhomogeneous parts of the higher order equations
by the procedure outlined above (see Equation A-9) will result in very long
and cumbersome equations. This difficulty can be partially overcome by the
use of complex variables. Using complex notation, the inhomogeneous part

of (A-5) is replaced by an equivalent complex expression, F(x), such that

y> = Re[F0] = Re{g (y*+44%) ] (92

and the resulting solution Yy is no longer real. The advantage of using
complex notation becomes more apparent when the product of three different
quantities, Ar Br Cr’ must be evaluated (this situation is often encountered

in third order analysis). When A, B and C are available in complex form

# The phrase "second order equation'",is used in quotation since
it applies to the coefficient of € in the expansion of equation
A-1 in terms of € and not to a second order differential equation.

#HE In most cases the terms appearing in the inhomogeneous part of
"second order" equations will be products of two different first
order quantities. When these quantities are available in their
complex form, such a product will have to be written in the fol-
lowing form:

* * * * * %
ArBr = 5(A+A ) 3(B+B ) = L(AB+AB + A B + A B )

= Re{%(AB*I-AB*)} = Re { %(AB—!—A*B)} etc.

### When the inhomogeneous part contains a product of two differ-
ent quantities the function F(x) is given by the expressions
in the above foot note.

1HHF
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the following relation holds:
= 1 *o1 o1 *y 2

ArBrCr = 2(A + A) 2(B + B ) 2(C +C) =
1 * % * * %k % %k * %
E(ABC + ABC+ ABC+ ABC + ABC + ABC + A BC

*_% ~ 1 * * %

+ 8"8%0) = re {F0)) =Re{Z(ABC+ABC+ABC+ABC)}

(A-10)

P ad
Consequently the use of the complex function F to represent
ArBrCr , in the inhomogeneous part of a third order equation will reduce the

number of terms present there from eight to four.

Using complex variables and substituting Equations (A-9a) and
(A-7) into (A-5) results in the following partial differential equation which

describes the behavior of the second order solution:

3y a3y | 2, * :
2 2 _ 1 2it 1 , it
2% 03 = 38 ¢t 3 £ f o+ 1A fpe
(A-11)
As can be checked by inspection, the presence of 1 Alflelt in

the inhomogeneous part of Equation (A-11) will result in the appearance of

a secular component in the second order solution. Since in the present
investigation we are interested in finding periodic solutions only, the
appearance of secular solutions must be avoided. This can be done by
requiring that /\1 = 0 . Imposing this condition, the second order solution

can be expressed in the following form:
2 2i
v, = #5200 M+ £ P00 (a-12)

and substituting (A-12) into (A-11) gives

(2) (2)
1.2
£ ~ 21 -1
2 21 Ayt 2 B (A-13a)
©' . .
fy = 5f £ (A-13b)
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The solution of (A-13) and the application of the proper boundary
conditions will provide the solution of Y, - The form of the ''guessed"
solution, i.e., Equation (A=-12), is actually determined by the form of the
inhomogeneous part of (A-11). It can be also looked at as a simplified
form of a Fourier-series (in terms of eimt) where the coefficients of all

the terms, with the exception of those appearing in (A-12) are zero.

Substituting (A-12) and (A-7) into (A-6) and following the pro-

cedure outlined above gives:

ay; Yy 1.3, 1 .(2) ) 3it
2 hoae - (32 1P 1)
3.2, % © ., () it it
1 . 1
+ (Z £°f + £(£, + £ )) et + iAfe (A-14)

Inspecting the forms of the first and second order solutions (i.e.,
Equations (A-22) and (A-23) ) it can be shown that the following combination

of terms
3,2 % . it _ (3 . it
(% f1 f1 + 1A2f1) e = (;'+-1A2) fle (A-15)

which appears in the inhomogeneous part of Equation (A-14) satisfies the
homogeneous portion of the same equation. It is a well known fact that the
presence of such terms in the inhomogeneous part of a differential equation
will result in the appearance of solutions which are secular in time. In

the present example this difficulty can be avoided by simply requiring that

_ 3.
)‘2 A (A-16)

The substitution of Equation (A-16) into Equation (A-14) will result in the

elimination of the troublesome terms from its inhomogeneous part. In view

(3)

of this substitution the solution of y can be assumed to have the

following form:
f§3)e31t + fgl)elt

Y3 = (A"17)
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and substitution of (A-17) and (A-16) into (A-14) yields:

£ 3 NP

_ 1.3 1 (2 .
of3” =78 + 375 7°H (A-18)
(1)' (1) (0) (0)* '
£, i)\of3 = £ (fz + £, ) (A-19)

Before proceeding with the solution of the problem, the boundary

condition (A-2) must be rewritten in complex notation. Since

- €sint = Re [iéeit}
it will be required that at x =1 and for all ¢t
y(l,t) = 1€t € 4L (A-20)
Substituting the assumed series solution of y (i.e., Equation (A-3))

into Equation (A-18) and separating the latter according to powers of €

yields the following boundary conditions:

yPa,e = el
y(z)(l,t) = 0 (A-21)
3
yPa,0 = o
which must be satisfied by the first, second and third order solutions.
As can be checked by inspection
1(Anx + t)

Ey(l) = €e 0 (A-22)

where /\0 = lzr is a solution which satisfies Equation (A-4) as well as
the appropriate first order boundary condition. The parameter € can be

interpreted as the amplitude of the first order solution.
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Once the form of the first order solution has been determined

it is possible to proceed with the solution of the second order equationms.

Solving Equations (A-13a) and (A-13b) and satisfying the appro-

priate second order boundary conditions yields the following second order

solutions:
Zion
féz) % e (x - 1)
and (A-23)
féo) - -;- (x - 1)

Using the available first and second order solutions and following
the same procedures as used in the solution of the second order equations,
the third order solution can be obtained without much difficulty. This

straight forward procedure will not be given here.

The equations and boundary conditions encountered in the analysis
of the combustion chamber flow are considerably more complicated than those
considered in this appendix. In spite of this fact the techniques employed
in the solution of the equations and in the determination of their eigenvalue

perturbation are essentially the same in both cases.

In cbnclusion this example provides a simple illustration of the
use of perturbation techniques, complex variables, and eigenfunction expan-
sions in the solution of nonlinear equations. It also serves to demonstrate
some of the basic ideas used in the determination of the eigenvalue pertur-
bations. In this case as well as in the analysis of the combustion chamber

flow, these perturbations are of 0( 62).



APPENDIX B

THIRD ORDER NOTATION

The application of a perturbation technique to the solution
of the equation describing the combustion chamber flow resulted in a
third order partial differential equation which contained many terms
in its inhomogeneous part. These terms are either products of first
and second order quantities (which are expressed in eigenfunction
expansions) or products of three first order quantities. The manipu-
lation and eigenfunction expansion of these products will be demonstrated

in this appendix.

(2)

Let A(l) and B represent typical first and second order

complex solutions.

A" = A G Vive ¢

(B-1)
where
Cos VB .
— for standing waves
G0) = ., e
(3-2)
1 /6
Am) = ¢ for travelling waves

Jy) = I’[%}b) l/;%—,) (B-3)

and

o0 o zig .
Z,'/B:}z e + B(:;%;’)Kasw& Z,/&,s)/;"f)

9=/ = (ama4g)

+ Z/ 5;0(3'); e M, B W ) ( s,.,,,/%,’) (B-4)

=0

for the standing wave solution.
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@ Lt ) 2‘(”’* ) v
B 7—2; E, ‘”Z’J (S“”f’r) ’ ;,Z,j z;*f-ﬁwf)e J:’ m"f’/[’: )
(B-5)

for the travelling wave solution.
(1) 52
T

Considering the standing wave case the product Ar can

be written in the following form:
0 o I /. %
A By = Re {3 BV (A" A" ]
» - @) 353 @) v
= L ( ()
- f‘C {1,.23 l ( E&uxinie' * E%q;&gr) A

+ (B ) €5+ X )e )A"’ JC051V9 Cos V6 JL(SM,,{{, J,,(SM ,,,

@, ) (0, v’zl
w) @) .
+1£ [( B(z‘,:,z) 8(0‘2,5) )A”
-{y _
* (B( (,:})‘pe * B“(o:c’)) ) ]Cos ve L, (g‘°'$'d—£ ) dy (S“’lb"[%) }

(B-6)
The products of Bessel functions appearing in (B-6) can be

expanded in the following form:

Jow (Sanp Vg ) ]; (Swu\@: ) = Z A:::) J (S«%)V;,)

%-I
A
=:j§; /‘GWSQ‘LM’(Séﬂx9vqg:)

(B-7a)
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T

Jo (5(-4;{%‘ ) L ( S(t;h) J‘%‘: ) = A:;') J’v (S(’,i') ﬁ: )

-p
u=s

I

oo
™ (qf) —
)_, Aw,;o J.w ( SM;){%)

g’: (B-7b)

where

B'( Stv.;'))z Juv (Sw.;o) J.w(sw.s’) (-9'4») ©

(B-8)

Substituting Equation (B-7) and the trigonometric identity

Cos we Cos yo =;£(Cos 9 + Cos V6 )
| (-9)

into Equation (B-6) and replacing the terms proportional to e by

their complex conjugates gives:

A«;Bm R, {;;[A C(u,‘:y) aly m') "3)605 e | (S'wf,m)

(4 3!3 g ,ang

+ ( C::l,ﬁ m;) C(m 5 A(y ') ¢ ‘3 )COS Ve J; (Swg') V-’;; )}

A ) 3ty (g ] _
* ‘FZD%;(C;?.» A:w,:v C(:,:) (::) ) Cos v& Ju (S-M;') V?;) }

(B-10)
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where

(293) )

(3m,30) _4‘ (Am, :4;)

(B-11)
(24§ () w* a1, D) () *
- L
C("'y) - 4 (B(LM,JV,S) A + A (B(D,ﬂ-ilt) * B{'l‘"fi) ))
(B-12)
C @y C anf!
Gmy) T “am, )
(B-13)
(’;I’ | (») w
Cum,l) < B“‘”:"ai’ A
(B-14)
C
(my) C(m, )
(B-15)
= () w, () *
C(n,v) - 1: (B(zn, 0,$) * A ( B(o,o,‘l + B(o,o,g, ))
(B-16)

The final expression to be used in the inhomogeneous part of
the third order expressions is obtained by interchanging the order of
summation of Equation (B-10).

When travelling wave solutions are being considered, Equation (B-5)
must be used. Multiplying (B-5) by the appropriate form of (B-1) and
repeating the steps that led to the derivation of Equation (B-10) result in
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the following expression:

v 2 w,i) , 30ty _
A’{ B‘ , = 1 { IZ:[ cigY (M,J/i) A‘) C J&v (Sﬂﬂ"J—%:)
-I —

g o oF (ve+y) _ v

o0
! Y o) Q) * Lo+ 3)
t72.A (B +B )8 J( vﬁ[—’)
g0 ) SARLTY fe,g) Ui g
(B-17)
to be used in the inhomogeneous part of the third order equation describing
the behavior of a travelling wave.

The product of three first order quantities (or a cube), which

are available in complex form, can be represented in the following form:

» Qu aul_ 4 * + AB™ BC*
A. B.C. ﬁe{w(ABC+ABC ABC+ A )} (B-18)

Assuming that A, B and C can be expressed in forms similar to
that given by Equation (B-1), Expression (B-18) can then be rewritten in

the following form:

L P 1] : — ‘: DS S (]
Ay; Bn C - R {Lg(q)e + ‘; B(‘f)e iC Ve ;’,3( ” ’W')
(B-19)

where

Alp)= Ale) B %p) Cep) (B-20)

Bp) = A% B'Ir) Ct% + A%y B" 0 CUe) + AU B C 49 >
(B-21)
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Using the trigonometric identity

COS?’VB = r’; Cos 3/0 + %Cos Ve (R-22)

and the expansions
(S(,,,,J:, Z A‘-‘"’S" }- (S(.w,g')‘/—w: = 12 A:;', Jv (SM;') F)

in (B-19) gives:

(B-23)

AB.C= Rl 1t [ (R s e, cos 90 (sl
Z':a

+ 3(Aw ew+ Bwe ”)A::;.), cos v8 T, ( s(,,zuf%: ) ]}

(B-24)

which is the appropriate expression to be used in the equations for standing
waves. When travelling waves are analyzed, the following expression is
derived from (B-19):

3t(vo+y) _.

gBier =R {4 [A% Aoe " L, (suplE)

(av,g')
$ ?

+A"9$" Ble)e I (Su;;')r)]}

The products of terms encountered in the third order analysis of

(B-25)

the nozzle and combustion chamber flow are similar in form to the products
appearing in the examples of this appendix. With minor modifications, the

manipulation of these terms follows the procedure used in the treatment of

examples of this appendix.
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APPENDIX C

EXPANSION FORMS USED IN THE SOLUTION

OF HIGHER ORDER EQUATIONS

The following expansions were used in second order analysis:
<
Jy (SU;M X ) Z A(o,%) I (Sug» (c-1) #
1o

= Z A“"%’ a.y(g(ﬂ,?

9=t (C-2)

I

7fL S(:“ (j;r,(sl-;h) x))-‘l__-: ;Btov»‘ (Se o, X (C-3)

Z Buus) J,,o (g(ﬂ,p

9= (C-4)

T}

|
AR
»
?-
|
o
~
178}
q
2
e
S

=0 (C-5)

Z; C gy Tv (Scarp )

(C-6)
where
ARY.
X= ( ‘Pﬂ) (€-7)
# Note that when the functions are expanded in terms of J (S{ 3() the
’

summation index q starts at zero. The summation index q , for the
expansion in terms of Bessel functions of order higher than zero, starts
at 1.
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The Bessel functions appearing in Equations (C-1) through
(C-6) satisfy the following relation:

- —
J. ’( gu,zv ): J:\.‘/ (§(;43)) = J/ (S(‘gh)) =0 (C-8)

The following products of Bessel functions appear in the
third order equations:

T (sopm X) (c-92)
I 2 Y pr
; g(l',h) Il (S‘(V,h) X) (J,/ (gwh)X) ) (C-9b)
| T3 |
v o (Sepur X) (c-9¢)
J, (s"a"’x ) Io (Sco,«p X) (C-10a)
-'3'. gl.lt) S(’ih) J—D, (S(o,‘) X) L’ (g(l‘,h! X) %3 oL - (C-].Ob)
T:'* Jo (SeogsX) T, (SegmrX) (C-10¢)
Iy (Sum®) Ty, (Sungs X) (c-11a)
#’ Scu;p S(lﬂh) J;; (S(M’, X) L’(S(‘f"JX) z: ’/1') 3 - (C-11b)
L #
22 J;/ (S(u,p X) Iy (g(m) X) (C-11c)

Each of the functions appearing in Equations (C-9a) through

(C-11c) are expanded twice, once in t of J. (S and once in
) P erms 3 ((3V,q')x) on

# The terms defined in Equations (C-10a) through (C-1llc) result from the
presence of products of first and second order quantities in the
inhomogeneous part of the third order equation.
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in terms of J' (S(y .x) where the index q' goes from one to infinity.
)

The series representations of these functions are given in the following

expressions:

)

JV3 (g(":“) X ) 2_1 (3q0) J;y [g“"i" X) (C-12a)

)

v
22 N(Vj'i L (Slq') (C-12b)
/

=

[ 4
(V/)
7'? ::.) [ StmX) ( J (S'(,..,X)) - %Z’ (343 J,,, (5“"3 ’ x) (C-13a)
LY
oo
g (/i )X) (¢-13b)
| <3 K )
}(—“' Jy (Smu)X) = Z—v M(”V ‘LV [S(‘wi) (C-14a)
1':{
00
= Z M;') f (S“‘T’X) - (C-14b)
1:.

(o," —
Jy (Slqu X (5(.“, Z A("l') jay (Siwi')x)

(C-15a)

kad (o,§) |
= Z’ A""I" }; (S“'li') X) (C-15b)

=



C-4

{
T Sty Supm Jo
’Z) ¥ ]; I
1)) (gh,;)x)Jy (S(Vh)x) = Z" Blog) J
2':' (344" Jw (S(sdz}x)
- haz)
1‘ ‘ (yz) I (SUI1J )

x Jo ( ()
s 11)“:)3—;’(5(’0““ ) : :Clyl ) SWS “:
3' l (s lsl) 3/ ( y )

-
—

1

D/_]s

(og)
(.,i) J—(sh}z) )

]
7% 5

T, (Sumx) ],
M (v,h)x) -Ja.u (glzgi) i
a5 (au,) £1% (5‘5‘11" X)
2

(wf)

Avgr (S X)

Ww;§)

T Supp S 5,
5 (%JI(
Seam X) L‘) (5(zvz;x) = B (
(375"
1§ 3/ “" X)
75"

().Vz)
Z (V,;]—[SM;)

‘z-l

(C-16a)

- (C-16b)

(C-17a)

(C-17b)

(C-18a)

(C-18b)

(C-19a)

(C-19b)
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C (v

("'5

s

RL* Jav (Su.;p X)J, (Supm X)= ; J, (S’,,‘,t., X) (c-20a)

]

= Z C::?L (gmj, X) (C-20b)
z

The index q appearing on the left side of Equations (C-15a)
through (C-20b) can take any of the values indicated in Equations (C-10)
and (C-11). The above series are usually called the Fourier-Bessel
expansion. Their properties as well as the formulae for the calculations
of their coefficients are discussed in most texts of mathematical physics#

and consequently will not be given here.

# See for example Reference 11.



APPENDIX D

DERIVATION OF THE EXPRESSIONS FOR THE
GRADIENT, DIVERGENCE AND ROTOR
IN (@,V¥,6) COORDINATE SYSTEM

The use of a (@ ,¥,0) coordinate system is very helpful
in studies of internal flow problems in which the boundaries of the
conduit do not coincide with a constant value of any one of the coor-
dinates in a "conventional" coordinate system (e.g., rectangular,
cylindrical or spherical coordinate system). 1In this case, ® , a
velocity potential function, designates the axial variation, Y , the
stream function designates the radial variation and © designates the
azimuthal variation. Using such a coordinate system and Equation (II-33)
the square of an elementary length d€ can be written in the following

form:

det = h; dep® + %ﬁ,dw‘ + hJ; de*

| I 4%
= =2de* +(—==) dy*+ rrdp*
gt +(egg) e o1

from which we get

h=$5‘w=%f ) hy=r

(D-2)
Using these relations the expressions for the gradients,
divergences and rotors which appear in the equations describing the flow
field will now be derived. Letting f be any scalar,

F'—'Fqgf +-‘:-f_e;@ +Fe_e_,e

-
any vector and Sp> Sy S the unit vectors which are respectively
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perpendicular to the surfaces Q= constant , ¢ = constant and

i

8 = constant we can write,

; « Lo
vi=(h E) e + (558 )er * (h3s)ge

- __ i 2
=(q %)g, +(rFq 3 ey +('v5§)_€;o

(D-3)

. 2
V'_F; = hehyho (’% ("V;“’F‘P) * W{h?l.,t?w) + 55 (hehyFo ))

2 F":f.)+ 2 (The) 4 2 (22) ) (D-4)

(D-5)

i

For & brief introduction on the derivation of these quantities see
for example Appendix 7 in Reference 14,




APPENDIX FE

DERIVATION OF THE TANGENTTAL COMPONENTS OF THE VORTICITY

A slightly different procedure for the calculation of the trans-

verse component of vorticity will be given in this appendix.

Subtracting Equation (II-46a) from Equation ({I-47a) gives:

i ik ® L J
(,LUL FU))? + ma)( ) U))z_%- BU) AU) jbd‘r () )

! “)
=3 L
where ¢
. ' =2

%) ol i d ¥

[ = 8"-A"- Z;i?f 29’ E-1)
Substitution of the eigenfunction expansions of F ”l(J)
S(J), B(J) and A(J) for j = 2,3 into the above equations y1e1ds identical

equations for each of the eigenfunctions. The solution of this equation

can be written in the following form:

0) u; — -
{YI’ )(kn w,q) ( (kmv 0y é(k \ V5 )®19) ‘Puu‘r:)
L )

thm)( V) ~ ) )
{k- v, q) ' —
= 299 + 1 (o We)—-l“(ow.B))
° ( 3£ ¢ Q(h-,:ﬂ" ko, i)

P e :
"‘ i j %) Uy 4
(k-,v ) — ) )
- £ ([ g - 3o ot Wy -
where
v) W) G)
— (o) = (E-3)
Vkiflvsi ik-‘, 4! Cl (4, g)



using the definition of L(j) the inhomogeneous part of Equation (E=2)

can be rewritten in the following form:

("-") F | |q> Ry %@') |
» Wy, wnv,4) ne
[M..TF.‘L;‘_".L—&J? - (:;.—K_;J (ﬁ’— # lo ( _‘:fr:'.\,dq
s % £ ° [2] % o
@) " | ) i) @
o= ) oy (D 1w
+ (kn,m’,j)) d? d? + Cl(&m, W) } @Jl ) ("pnv,f,
V) W) (km) 1)) (Km) (1) - )
N B -0 W)
- ( M(&H,m’.‘[,’ (km,nv,g)fz + Cl(ku,mr,i)J( )O (6) W
(E-4)
where
V) (k") ¢) )
M(kﬂ l\b’|1) o kn, 'B(km,bw‘1)- AU‘W"'&‘})
o
I
P ) (E-5)
L d3* (% (D
- — (fem, w, L ] !
[14.4 j Dy do dgr |do
o o % f,
(kne)
and f; is defined in Equation (II-79). Using the definitions of
(1)

and F and partial differentiating Equation (E-2) with respect to ¢

and y gives the following expressions for the tangential components




of the vorticity:

’
.

nv € @ @/ 4) -
- = ) = U
chk.., g (kw50 ( (@ U ) @er )

“‘"o ‘le ) (k.’ 'll’,’ ) w2 Mv
¢ ,0 .
(kw) / 4, y)
= (dem w0 g) do' —+ )
( o J T 5= Chtomy
@) ,
ﬁtk-‘-\%%t’ @ "
= @, - o6

Examination of Equations (E-1) and (E-6) and using the results

given in Equations (II-141) and (II-ISO)# it can be shown that

(i) -
S(km,nv,q) @ =0

and

(3)

C =
1(km,nv,q) = °

(E-7)

are necessary and sufficient conditions for the disappearance of the tan-
gential component of the vorticity. Performing a similar analysis and as~
suming (as in the analysis of Chapter II) that the axial component of

the vorticity is identically zero, it can be easily shown that satisfying
the conditions stated in Equation (E-7) will also guarantee the disappear-

ance of the radial component of vorticity.

# With the aid of Equations (II-141) and (II-150) it can be shown that

for j=2,3 2V = 0.
(km,n ¥, q)
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